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BREAKING THE M-WAVES
JOSÉ MIGUEL FIGUEROA-O'FARRILL
Abstrat. We present a systemati attempt at lassiation of
supersymmetri M-theory vaua with zero ux; that is, eleven-
dimensional lorentzian manifolds with vanishing Rii urvature
and admitting ovariantly onstant spinors. We show that there
are two distint lasses of solutions: stati spaetimes generalising
the KaluzaKlein monopole, and non-stati spaetimes generalis-
ing the supersymmetri wave. The lassiation an be further re-
ned by the holonomy group of the spaetime. The stati solutions
are organised aording to the holonomy group of the spaelike hy-
persurfae, whereas the non-stati solutions are similarly organised
by the (lorentzian) holonomy group of the spaetime. These are
subgroups of the Lorentz group whih at reduibly yet indeom-
posably on Minkowski spaetime. We present novel onstrutions
of non-stati vaua onsisting of warped produts of d-dimensional
pp-waves with (11−d)-dimensional manifolds admitting ovariantly
onstant spinors. Our onstrution yields loal metris with a vari-
ety of exoti lorentzian holonomy groups. In the proess, we write
down the most general loal metri in d ≤ 5 dimensions desrib-
ing a pp-wave admitting a ovariantly onstant spinor. Finally,
we also disuss a partiular lass of supersymmetri vaua with
nonzero four-form obtained from the previous ones without mod-
ifying the holonomy of the metri. This is possible beause in a
lorentzian spaetime a metri whih admits parallel spinors is not
neessarily Rii-at, hene supersymmetri bakgrounds need not
satisfy the equations of motion.
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1. Introdution
An important aspet of modern string theory is the study of its su-
persymmetri solitons. In the appropriate limit this involves the study
of solutions to the equations of motion of the relevant supergravity
theory, and in partiular of those solutions whih are left invariant by
some of the supersymmetries. By now a large lass of solutions are
known, inluding waves, monopoles and branes; but as no systemati
study has yet been undertaken, it is hard to estimate how muh of the
spae of all supersymmetri solutions do the known ones omprise.
This seems to us an interesting question to address and in this paper
we start suh a systemati analysis, fousing as a rst step on purely
gravitational supersymmetri solutions; although later in the paper we
will also disuss vaua with nonzero ux. As we will review briey be-
low supersymmetri bosoni vaua with zero ux are given by Rii-at
lorentzian manifolds admitting ovariantly onstant spinors. We will
see that there are two lasses of solutions, depending on whether or not
the spaetime admits a ovariantly onstant time-like vetor. Those
spaetimes whih do are stati and an be understood as generalisa-
tions of the KaluzaKlein monopole. Their lassiation redues (up
to disrete quotients) to the lassiation of 10-dimensional riemannian
manifolds with holonomy ontained in SU(5), i.e., to the lassiation
of CalabiYau 5-folds. The seond lass of solutions onsists of spae-
times whih are not stati, but whih nevertheless have a ovariantly
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onstant light-like vetor. They an be understood as supersymmet-
ri gravitational pp-waves. This seond type of solutions will be the
main fous of this paper. We will present a new lass of supersymmet-
ri waves. The simplest examples preserve half of the supersymmetry
and are built as warped produts of gravitational plane waves and at
eulidean spae. Replaing eulidean spae by any manifold admit-
ting ovariantly onstant spinors, one obtains other solutions whih
preserve a smaller fration of the supersymmetry. These solutions are
purely gravitational and possess null isometries. As we will see, they
owe their existene to some exoti holonomy groups whih lorentzian
spaetimes an possess.
For deniteness, we will only onsider eleven-dimensional supergrav-
ity, the low-energy limit of M-theory, by whih we mean the strong
oupling limit of type IIA superstring theory. This is a relatively sim-
ple supergravity theory whih yields many of the lower dimensional
supergravity theories after dimensional redution. Many of the super-
symmetri solutions of the other supergravity theories an be obtained
from those of eleven-dimensional supergravity via a mixture of dimen-
sional redution, dualities and dimensional oxidation. Therefore it rep-
resents only a minor loss of generality to fous our attention on this
theory, and in fat muh of what we will say will generalise to other
supergravity theories.
In summary, the purpose of this paper is then to study a lass of
spaetimes orresponding to gravitational waves possessing a ovari-
antly onstant spinor. These spaetimes possess a ovariantly onstant
null vetor, hene they are speial ases of the spaetimes disussed by
Brinkmann in the 1920s. We will fous primarily on a lass of solu-
tions whih an be understood as lifts to eleven dimensions of lower
dimensional pp-waves admitting parallel spinors. We will write down
the most general loal metri for suh pp-waves in d ≤ 5 dimensions,
and we will investigate their lifts to supersymmetri vaua of M-theory
preserving a fration of the supersymmetry that an be easily om-
puted. As an illustration of the onstrution we will work out one
example in detail, orresponding to the lift to eleven dimensions of the
NappiWitten plane wave [18℄.
This paper is organised as follows. In Setion 2 we briey review
eleven-dimensional supergravity and reast the problem of nding su-
persymmetri vaua in geometrial terms. The possible vaua an be
organised aording to their holonomy group and we give two tables of
suh holonomy groups with the fration of supersymmetry preserved
in eah ase. Some of the holonomy groups appearing in the tables
may not be familiar, so we also briey disuss lorentzian holonomy
groups at the end of that setion. Also in an appendix to the paper
we disuss in detail the relevant lorentzian holonomy groups. In Se-
tion 3 we disuss some relevant fats about pp-waves, i.e., spaetimes
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admitting null parallel vetors, and in partiular about supersymmet-
ri pp-waves: the sublass also admitting parallel spinors. We write
down the most general loal metri desribing a supersymmetri pp-
wave in dimension d ≤ 5. We also review Bryant's reent onstrution
of the most general loal metri in eleven dimensions whih admits
a parallel null spinor (see below). Bryant's onstrution in priniple
solves the problem of onstruting the most general supersymmetri
M-theory vauum with vanishing four-form; but sine the result is not
onstrutive, it is useful to have expliit onstrutions of suh vaua. In
Setion 4 we disuss a method of onstruting suh vaua, onsisting in
the lift to eleven dimensions of a lower-dimensional pp-wave admitting
parallel spinors. We disuss the lifting of suh a d-dimensional pp-wave
to eleven dimensions. Examples of Bryant's metris possessing (on-
jeturally) all possible holonomy groups of M-waves are given by warp-
ing a three-dimensional supersymmetri pp-wave with an appropriate
eight-dimensional manifold. In Setion 5 we disuss one suh example
in detail: the four-dimensional NappiWitten plane wave. We disuss
its geometry, ompute its holonomy and prove that it admits parallel
spinors, despite having non-vanishing Rii urvature. We then lift the
NappiWitten geometry to eleven dimensions by warping it with an
appropriate seven-dimensional manifold. The resulting metri solves
the supergravity equations of motion and preserves a fration of the
supersymmetry whih an be as muh as
1
2
and as little as
1
16
, depend-
ing on the holonomy of the seven-manifold. In Setion 6 we investigate
the possibility of adding a nonzero four-form to the metris onstruted
above while still satisfying the equations of motion and preserving some
supersymmetry. We will see this is possible for most of the metris on-
struted above. Finally in Setion 7 we oer some onluding remarks
and point out some open questions.
Note added in proof
After this preprint had been irulated and submitted to the arhive,
we beame aware of the paper [16℄ by Lidsey, who also onsiders build-
ing eleven-dimensional Rii-at spaetimes by embedding a wide lass
of lower-dimensional pp-waves.
2. Statement of the problem and holonomy analysis
In this setion we set up the problem. In order to do so we start
with a brief review of eleven-dimensional supergravity. We then reast
the searh for purely gravitational bosoni vaua as the problem of
onstruting Rii-at metris with presribed holonomy. We disuss
the holonomy lassiation of supersymmetri vaua.
2.1. A brief review of eleven-dimensional supergravity. The
arena of eleven-dimensional supergravity [17, 7℄ is a manifoldM with a
BREAKING THE M-WAVES 5
metri g of signature 10+1 and a spin struture. From now on, we will
all suh a manifold simply a lorentzian spin manifold, leaving its di-
mension impliitly equal to eleven, unless otherwise stated. Apart from
the metri, the other elds in the theory are a losed 4-form F , whih
is given loally in terms of a 3-form potential A by F = dA, and the
gravitino ψ. In this paper we will only be interested in bosoni vaua,
for whih the gravitino vanishes: ψ = 0; although some omments will
be made in Setion 6.2 about the general ase. The bosoni part of the
ation is given by a sum of three terms: an EinsteinHilbert term, a
generalised Maxwell term and a ChernSimons term, as follows:
I = 1
2
∫
d11x
√−gR− 1
4
∫
F ∧ ⋆F − 1
12
∫
A ∧ F ∧ F . (1)
We ould also add a gravitational ChernSimons term
1
2
∫
A ∧X8 , (2)
where the losed 8-form X8 is given by
X8 =
1
192
trR4 − 1
768
(
trR2
)2
; (3)
but we will ignore this term in what follows, as it is a higher order
orretion.
The generalised Maxwell equations following from the ation are
d ⋆ F = −1
2
F ∧ F , (4)
whih together with the Bianhi identity dF = 0 speify F . The equa-
tion of motion for the metri is the generalised EinsteinMaxwell equa-
tion:
Rab − 12Rgab = 16Tab(F ) , (5)
where the energy-momentum tensor of the Maxwell eld is given by
Tab(F ) = FacdeFb
cde − 1
8
gabFcdefF
cdef . (6)
(Notie that in eleven dimensions it is not traeless. In fat it is trae-
less only in eight dimensions, where there an be dyoni objets on-
tributing to Tab.)
With the gravitino set to zero, the supersymmetry variations of the
bosoni elds vanish automatially. This means that the onditions
for preservation of supersymmetry is simply that the supersymmetry
variation of the gravitino should remain zero. This is equivalent to
the existene of spinors ε whih are parallel (i.e., ovariantly onstant)
with respet to a generalised onnetion
∇ˆaε ≡ ∇aε− θa(F ) · ε = 0 , (7)
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where
1 ∇a = ∂a − 14ωaaˆbˆΓaˆbˆ is the spin onnetion, and θa(F ) is the
F -dependent part of the onnetion:
θa(F ) ≡ 1288Fbcde
(
Γa
bcde − 8δabΓcde
)
. (8)
The onnetion ∇ˆ is a very dierent objet from the spin onne-
tion ∇. As its name indiates, ∇ only depends on how ε transforms
under the spin group. This is evident from the fat that its Γ matrix
dependene is only through Γaˆbˆ, whih are the innitesimal generators
of Spin(10, 1). In ontrast, ∇ˆ depends on terms ontaining antisym-
metrised produts of three and ve Γ matries. Therefore, whereas the
onnetion ∇ takes values in the spin subalgebra of the Cliord algebra
Cℓ(10, 1), the onnetion ∇ˆ takes values in the Cliord algebra itself.
We therefore refer to it as a Cliord onnetion. The Cliord onne-
tion, unlike the spin onnetion, is not related to a onnetion on the
tangent bundle, whih makes its analysis muh more ompliated.
As a rst step we will therefore set F = 0 in this paper and study
the possible supersymmetri bosoni solutions to the resulting equa-
tions of motion. Later in Setion 6 we will relax this ondition and
investigate whether it is possible to add F to solutions already found.
From equation (5), it follows that bosoni solutions with F = 0 or-
respond to lorentzian spin manifolds with vanishing Rii urvature:
Rab = 0. From equation (7) suh a solution will preserve supersymme-
try if in addition the spaetime admits parallel spinors relative to the
spin onnetion. In other words, in geometrial terms, we have that
purely gravitational supersymmetri solutions of eleven-dimensional su-
pergravity are in one-to-one orrespondene with eleven-dimensional
lorentzian spin manifolds admitting parallel spinors.
Unlike the riemannian ase, in a lorentzian spaetime Rii-atness
is not an integrability ondition for the existene of parallel spinors.
Indeed suppose that ε is a nonzero parallel spinor: ∇aε = 0. Iterating
this equation we nd the following integrability ondition:
Rab
cdΓcdε = 0 . (9)
Contrating with Γb and disarding the Γ-trilinear terms by virtue of
the rst Bianhi identity (R[abc]
d = 0), we obtain
RabΓ
bε = 0 . (10)
Multiplying this equation with RacΓ
c
, but not summing on a, we obtain
RabRacg
bcε = 0 , (11)
whih implies that, for eah a, the vetor eld with omponents Ra
b
is null. We will say that suh a manifold is Rii-null. Sine in a
riemannian manifold there are no null vetors, this implies that Rab =
0, i.e., riemannian Rii-null manifolds are Rii-at. In ontrast, there
1
Throughout the paper, we shall adorn at indies with a ˆ.
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are Rii-null lorentzian manifolds whih are not Rii-at. We will
see below many examples of suh manifolds. Notie that ontrating
equation (10) with Γa shows that the Rii salar does vanish.
In summary, in searhing for supersymmetri bosoni vaua, it will
not be enough to hek for the existene of parallel spinors, but one
must impose the equations of motion separately. This should lay to
rest the widespread folklore that supersymmetri bakgrounds auto-
matially satisfy the equations of motion.
2.2. Holonomy lassiation of known solutions. As we have just
seen, any Rii-at manifold admitting a parallel spinor is a supersym-
metri vauum of M-theory with zero ux, and all suh vaua are of
that form. The existene of parallel spinors imposes strong restri-
tions on the geometry and we start o by investigating whih kinds of
eleven-dimensional geometries admit parallel spinors. The proper tool
to analyse the onstraints imposed by the existene of parallel spinors
is the holonomy group. In this setion we will provide a preliminary
holonomy analysis of the problem. As we will see, there are two types
of solutions, generalising the KaluzaKlein monopole and the pp wave,
respetively.
The relevane of riemannian holonomy groups in studying supergrav-
ity vaua is of ourse well-established (see, e.g., [8℄). In this paper it
is however the less studied lorentzian holonomy groups whih play a
fundamental role. These groups are more exoti and have not been dis-
ussed muh in the literature; although see [10℄ for some omments on
the relevane of these groups in a ontext not unrelated to the present
one.
In general, the existene of parallel tensors or spinors in a mani-
fold imposes restritions on the holonomy group of the manifold. In
a (pseudo)riemannian spin manifold of signature s+t, we an express
tensors and spinors relative to pseudo-orthonormal frames {eaˆ}, and in
eet set up a orrespondene between these geometrial objets and
representations of the Lorentz group SO(s, t) or more preisely of its
spin over. Let T be a tensor or spinor eld transforming aording to
some representation ̺ of the spin group, and suppose that T is parallel
with respet to the Levi-Cività onnetion: ∇aT = 0. The integrability
ondition for this equation is that the urvature satises
Rab
cˆdˆΛcˆdˆ · T = 0 for all a, b,
where Λcˆdˆ are the generators of the Lie algebra so(s, t) in the represen-
tation ̺ under whih T transforms. This means that the subalgebra
h ⊂ so(s, t) generated by the Rabcˆdˆ for all a, b has a singlet in the
representation ̺. The AmbroseSinger theorem says that the Lie al-
gebra of the holonomy group of the manifold is isomorphi to h; thus
the existene of a parallel tensor onstraints the holonomy algebra.
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There is a loal onverse to this. The fat that the holonomy alge-
bra h has a singlet in a representation ̺ guarantees the existene of
a loal parallel tensor T transforming aording to ̺. If the manifold
is simply-onneted then all obstrutions to integrating the equation
∇aT = 0 vanish, and the parallel tensor T exists globally.
With these prefatory remarks behind us, let us now investigate how
the holonomy group of the spaetime is onstrained by the existene
of a parallel spinor. Let M be an eleven-dimensional lorentzian spin
manifold admitting a parallel spinor ε. The integrability ondition (9)
onstraints the holonomy group of the spin onnetion to be (onju-
gate to) a subgroup H ⊂ Spin(10, 1) leaving the spinor ε invariant.
Therefore we are interested in answering the following question:
Whih subgroups of Spin(10, 1) leave a spinor invariant?
Bryant [6℄ (see also [1℄) has answered this question: there are two
(onjugay lasses of) maximal subgroups of Spin(10, 1) whih leave
a spinor invariant. Let ε be a spinor of Spin(10, 1) and onsider the
vetor v with omponents va = ε¯Γaε. Sine ε is H-invariant, so is v;
whene H is ontained in the subgroup of the spin group whih leaves
v invariant: the little group of v. Just as in the more familiar ase of
four dimensions, these subgroups an be distinguished by the type of
the vetor v: spae-like, time-like or null (i.e., light-like). In fat, only
two of the three possibilities our. One an show that the Minkowski
norm v2 ≡ vava of this vetor is negative semi-denite: v2 ≤ 0, whih
means that either v is time-like, so that v2 < 0, or v is null, so that
v2 = 0. This dihotomy gives rise to the two types of supersymmetri
vaua we will study in this paper.
2.2.1. Stati vaua. If v is time-like then H must be ontained in the
subgroup Spin(10) ⊂ Spin(10, 1) leaving a time-like vetor invariant.
In fat, it is not hard to show that ε is left invariant by an SU(5) sub-
group of Spin(10, 1). Spaetimes with holonomy groups H ⊂ SU(5) are
automatially Rii-at and hene satisfy the supergravity equations of
motion. Suh spaetimes ontain a time-like Killing vetor and hene
are stationary. Moreover beause the Killing vetor is atually parallel,
it is hypersurfae orthogonal so that the spaetime is stati. It is not
hard to show that suh spaetimes are loally isometri to a produt
R×X with metri
ds2 = −dt2 + ds2(X) ,
where X is any riemannian 10-manifold with holonomy ontained in
SU(5); that is, a CalabiYau 5-fold. The amount of supersymmetry
whih suh a spaetime will preserve will depend on the number of
parallel spinors. Assuming for simpliity that the manifoldX is simply
onneted, one has a number of possibilities whih are summarised in
Table 1. The notation in the table is as follows. Assuming that M is
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simply onneted (otherwise this applies to its universal over), it is
given by a produt
M = M11−d ×Kd , (12)
where M
11−d
is (11 − d)-dimensional Minkowski spaetime. The table
then lists the dimension d of K, the holonomy group H ⊂ Spin(d) of K
(and hene of M) and the fration ν of the supersymmetry that suh
a geometry preserves. The fration ν is related to the dimension N of
the spae of K-singlets in the spinor representation of Spin(10, 1) by
N = 32ν.
d H ⊂ Spin(d) ν
10 SU(5) 1
16
10 SU(2)× SU(3) 1
8
8 Spin(7) 1
16
8 SU(4) 1
8
8 Sp(2) 3
16
8 Sp(1)× Sp(1) 1
4
7 G2
1
8
6 SU(3) 1
4
4 SU(2) ∼= Sp(1) 12
0 {1} 1
Table 1. Stati M-theory vaua with F = 0. The ge-
ometry is of the form given by equation (12) where d,
the holonomy H of K and the supersymmetry fration ν
are listed above.
The maximal supersymmetri vauum (ν = 1) orresponds to at
spae, and the half-BPS states (ν = 1
2
) orresponds to the Kaluza
Klein monopole and its generalisations, where the spaetime is of the
form M
7×K, with K a hyperkähler 4-manifold. The vaua in the table
are of ourse interesting, but we will not onsider them further in the
present paper, sine their lassiation is redued, at least loally, to
the lassiation of CalabiYau 5-folds, and we have nothing new to
add to that problem here.
2.2.2. Non-stati vaua. On the other hand, suppose that v is null.
Following Bryant let us all suh ε a null spinor. The isotropy subgroup
(i.e., the little group) of a null spinor is ontained in the isotropy
subgroup of the null vetor v, whih in eleven dimensions is isomorphi
to the spin over of ISO(9) = SO(9) ⋉ R9 ⊂ SO(10, 1). Indeed it is
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shown in the appendix that ε is left invariant by a somewhat exoti
30-dimensional non-redutive Lie group isomorphi to
G =
(
Spin(7)⋉ R8
)× R ⊂ Spin(10, 1) , (13)
where Spin(7) ats on R8 aording to the spinor representation. (See
the appendix for the details about this group.) It is not immediately
obvious that G is a possible holonomy group for an eleven-dimensional
spaetime, but Bryant [6℄ has reently proven that this is the ase and
has moreover written down the most general loal metri with this ho-
lonomy (see equation (27) below). In any ase we will onstrut plenty
of examples in this paper. Spaetimes with holonomy in G are not
automatially Rii-at, but those whih are will be supersymmetri
vaua of M-theory. If the holonomy is preisely G, then suh vaua will
preserve
1
32
of the supersymmetry, but one an preserve more super-
symmetry by restriting the holonomy to smaller subgroups of G. In
sharp ontrast to the ase of stati vaua disussed above, restriting
the holonomy will not neessarily deompose the spaetime into a met-
ri produt. In fat we will see below several new examples of half-BPS
vaua with indeomposable metris.
H ⊂ Spin(10, 1) ν
(Spin(7)⋉ R8)× R 1
32
(SU(4)⋉ R8)× R 1
16
(Sp(2)⋉ R8)× R 3
32
(Sp(1)⋉ R4)× (Sp(1)⋉ R4)× R 1
8
(G2 ⋉ R
7)× R2 1
16
(SU(3)⋉ R6)× R3 1
8
(Sp(1)⋉ R4)× R5 1
4
R
9 1
2
Table 2. Indeomposable M-theory vaua with F = 0
in terms of their holonomy group H and the fration ν
of supersymmetry preserved.
Table 2 lists holonomy groups of simply-onneted indeomposable
metris in eleven dimensions admitting parallel spinors, together with
the fration ν of the supersymmetry that suh spaetimes preserve.
The fration ν is related to the dimension N of the spae ofH-invariant
spinors by N = 32ν. The holonomy groups in the table are all of the
form (
K ⋉ Rd
)× R9−d ,
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where K ⊂ Spin(d) ats irreduibly on Rd, exept for K = Sp(1) ×
Sp(1) ⊂ Spin(8) whih ats reduibly on R8, so that one has
(Sp(1)× Sp(1))⋉ R8 ∼= (Sp(1)⋉ R4)× (Sp(1)⋉ R4) .
Although we believe this table to be omplete, we will not attempt a
proof here. The reason why this is not straight-forward to hek is that
the possible holonomy groups of lorentzian manifolds are not lassied.
The rest of this paper is devoted to a onstrution of metris with the
holonomy groups in this table, and in partiular to those whih are
Rii-at; but before doing so we will put these results in their proper
mathematial ontext, by disussing lorentzian holonomy groups.
2.3. Lorentzian holonomy groups. In ontrast to the ase of rie-
mannian holonomy, of whih a fairly omplete piture has emerged in
the last half of the entury, the situation with lorentzian holonomy
groups is very dierent. See [2℄ for a reent survey of known results. In
this setion we would like to explain why this is the ase. This will also
serve to put some of our results in their proper mathematial ontext.
LetM be a onneted and simply-onneted manifold with a pseudo-
riemannian metri of signature s+t. The holonomy group of M is
(onjugate to) a subgroup of SO(s, t). A natural question is then:
Whih subgroups H ⊂ SO(s, t) an appear as holonomy
groups?
Suppose that M = M1 ×M2 is isometri to a produt of two pseudo-
riemannian manifolds of signatures s1+t1 and s2+t2 respetively, with
s = s1 + s2 and t = t1 + t2. Then the holonomy group H of M breaks
up as H = H1×H2, where H1 ⊂ SO(s1, t1) and H2 ⊂ SO(s2, t2) are the
holonomy groups of M1 and M2 respetively. In partiular this means
that the holonomy representation, by whih we mean the representation
of the holonomy group on the tangent vetors, is reduible.
In the riemannian ase (t = 0) there is a onverse to this result,
known as the de Rham deomposition theorem [19℄. This theorem
states that if the holonomy representation of a simply-onneted rie-
mannian manifold is reduible, then the manifold is isometri to a
produt of riemannian manifolds. This allows one to restrit oneself
to groups ating irreduibly, and leads after some hard work to the fa-
mous lassiation of riemannian holonomy groups of Cartan, Berger,
Simons and others.
The rst sign that things do not quite work the same way in the
lorentzian (t = 1) ase is the fat that no proper subgroup of the
Lorentz group ats irreduibly on Minkowski spaetime. Lukily this
does not mean that there are no interesting lorentzian holonomy groups,
only that asking for irreduibility is too strong. In fat, the lorentzian
analogue of the deomposition theorem, due to Wu [22℄, requires a
weaker notion than irreduibility.
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Reall that a representation of a group H on a vetor spae T is
reduible if there is a proper subspae U ⊂ T whih is preserved by H .
Suppose in addition that H preserves a non-degenerate inner produt
on T ; that is, H ats on T via a (pseudo)unitary representation. We
say that the sub-representation U ⊂ T is non-degenerate if the inner
produt is non-degenerate when restrited to U . In suh a situation
T = U ⊕ U⊥, where U⊥ is also a sub-representation. If this the ase,
then we say that T is deomposable. Beause U ∩ U⊥ onsists of ve-
tors with zero norm, this an only be nonzero for an indenite inner
produt. In other words, a unitary representation is reduible if and
only if it is deomposable. If the inner produt is indenite, so that
the representation is pseudo-unitary, then there is a distintion and one
an have representations whih are reduible yet indeomposable. It is
the stronger requirement of deomposability whih is ruial for Wu's
version of the deomposition theorem. Wu's theorem [22℄ states that
if the holonomy representation is deomposable, then the manifold is
isometri to a produt. This fat makes the lassiation of lorentzian
holonomy groups a muh harder problem than that of the riemannian
holonomy groups, sine we annot restrit ourselves to groups ating
irreduibly, but must also onsider those groups ating reduibly but
indeomposably. In fat, the problem has not been ompletely solved
in the lassial ase of four dimensions [4℄.
It is preisely this exoti lass of holonomy groups, ating reduibly
but indeomposably, whih will be relevant in our onstrution of su-
persymmetri M-waves, to whih we devote the rest of the paper.
3. Supersymmetri gravitational pp-waves
In this setion we disuss gravitational pp-waves, sine they are the
main ingredient in the onstrution to be presented below of met-
ris with holonomy given in Table 2. We will disuss the metris of
Brinkmann and of Bryant, and how to lift gravitational pp-waves to
supersymmetri M-waves.
3.1. Brinkmann metris with parallel spinors. By denition a
gravitational pp-wave is a spaetime admitting a parallel null vetor. As
we disussed in the previous setion, ontrary to the riemannian ase,
the existene of suh a vetor does not neessarily split the spaetime.
The most general d-dimensional lorentzian metri admitting a parallel
null vetor was written down by Brinkmann [5℄ almost 75 years ago. In
a oordinate hart (x+, x−, xi), where i = 1, . . . , d−2, adapted to the
null vetor ∂−, the metri is given by
ds2 = 2dx+dx− + a (dx+)2 + bidx
idx+ + gijdx
idxj , (14)
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where ∂−a = ∂−bi = ∂−gij = 0. The holonomy group of suh a metri
is ontained in
ISO(d− 2) = SO(d− 2)⋉ Rd−2 ⊂ SO(d− 1, 1) ,
whih is the isotropy group of a null vetor.
We are atually interested in those metris whose holonomy group
redues to the subgroup of (the spin over of) ISO(d−2) whih preserves
a spinor. We will all suh a spaetime a supersymmetri Brinkmann
wave. Sine we are interested in non-stati spaetimes, we will onsider
only those subgroups whih do not leave any time-like vetor invariant.
Maximal suh subgroups are of the form
K ⋉ Rd−2 , (15)
where K ⊂ Spin(d − 2) preserves a spinor. (If we were to onsider
those subgroups whih also leave a time-like vetor invariant, we would
have only K ⊂ Spin(d − 2). Spaetimes with holonomy ontained in
K are stati and hene deomposable into a metri produt.) A list of
possible maximal subgroups K ⋉ Rd−2 is given in Table 3. It is easy
to obtain other subgroups, not just the maximal ones. Every group
H = K ⋉ Rd−2 appearing in dimension d an be lifted to a group
H × Ri in dimension d + s, where i = 0, 1, . . . , s. If we insist in the
holonomy group ating indeomposably then we have to hoose i = s.
This proedure gives rise to the entries in the table orresponding to
d = 7 and d = 11, for example.
d H ⊂ Spin(d− 1, 1)
≤ 5 Rd−2
6 Sp(1)⋉ R4
7 (Sp(1)⋉ R4)× R
8 SU(3)⋉ R6
9 G2 ⋉ R
7
10 Spin(7)⋉ R8
11 (Spin(7)⋉ R8)× R
Table 3. Possible holonomy groups of d-dimensional
supersymmetri Brinkmann waves. Only maximal sub-
groups are shown.
The onstrution desribed in Setion 4 starts with a d-dimensional
supersymmetri Brinkmann wave and warps it with a riemannian man-
ifold of dimension 11− d. It is therefore important to be able to write
down expliit metris with holonomy groups in the table. We will write
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the most general loal metri in dimension d ≤ 5 with holonomy given
by R
d−2
. For d ≥ 6 it is possible to write down the most general loal
metri, but the expression is not ompletely expliit. In the ase of
d = 11 the most general suh metri has been written down reently
by Bryant [6℄. His onstrution also works for d = 10, and indeed, after
some modiation, for d = 6, 7, 8, 9. Bryant's onstrution is reviewed
briey below.
3.2. Supersymmetri Brinkmann waves in d ≤ 5. The strategy
to onstrut the most general supersymmetri Brinkmann wave is lear:
we start with the most general d-dimensional Brinkmann metri (14)
and impose that the holonomy be ontained in the appropriate sub-
group H ⊂ Spin(d− 1, 1) in Table 3. For d ≤ 5 this means H = Rd−2,
and in this ase the metri an be solved expliitly in terms of a number
of unknown funtions of x+. In d ≥ 6 this is not possible; for example,
to write down the most general metri in d = 6, one would have to
know the most general four-dimensional hyperkähler metri.
A neessary ondition for the spaetime to have holonomy R
d−2
is
that the metri be Rii-null, so that ondition (11) is satised. This
is not a suient ondition, but it is often an easy ondition to write
down when trying to onstrut suh a metri.
We will rst of all show that the Rii-null ondition fores all om-
ponents of the Rii tensor to vanish exept for R++. Indeed, beause
∂− is parallel, we have that Ra− = 0 for all a, whene a priori the
only nonzero omponents of the Rii tensor are Rij , R++ and Ri+,
or equivalently, R+
−
, R+
i
, Ri
−
and Ri
j
. Now we use the Rii-null
ondition: RabRacg
bc = 0 for all a. For a = + this relation tells us that
R+iR+jg
ij = 0, whene R+i = 0. For a = i, we nd that RijRikg
jk = 0,
whene Rij = 0. For a = − the ondition is vauously satised. In
summary, only R++ an be nonzero.
3.2.1. d = 2. The two-dimensional Brinkmann metri has the form
ds2 = 2dx+dx− + a(x+)(dx+)2 .
The holonomy is trivial, so that the metri is at. In fat, if we hange
variables to x˜+ = x+ and x˜− = x− + 1
2
f(x+), where f ′ = a, then the
metri is simply (dropping tildes)
ds2 = 2dx+dx− . (16)
3.2.2. d = 3. The three-dimensional Brinkmann metri has the form
ds2 = 2dx+dx− + a(dx+)2 + bdx+dx1 + c2(dx1)2 ,
where a, b, c are funtions of x+ and x1. We an simplify the metri by
using loal dieomorphisms. We an hange variables x1 7→ x˜1(x+, x1)
suh that ∂1x˜
1 = c. Similarly we an dene x˜− = x− + 1
2
φ(x+, x1),
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where ∂1φ = b − 2c∂+x˜1. Finally let x˜+ = x+. In terms of the tilded
variables (but dropping the tildes) the metri beomes
ds2 = 2dx+dx− + a(dx+)2 + (dx1)2 , (17)
where a is suh that ∂−a = 0, but is otherwise arbitrary.
The holonomy is orret beause in three dimensions the isotropy of
a null vetor oinides with the isotropy of a null spinor: ISO(1) ∼= R ⊂
Spin(2, 1).
The Rii tensor an be omputed in terms of the funtion a. From
the general disussion above we know that only R++ will be nonzero.
A simple alulation shows that R++ = −12∂21a. As we will see in Se-
tion 4.4, we will be able to buildM-theory vaua out of this Brinkmann
wave provided that R++ is only a funtion of x
+
. This means that a is
at most quadrati in x1. Suh waves are known as exat plane waves.
3.2.3. d = 4. The four-dimensional Brinkmann metri has the form
ds2 = 2dx+dx− + a(dx+)2 + bidx
idx+ + gijdx
idxj , (18)
where i, j run from 1 to 2, and a, bi and gij are independent of x
−
.
We an think of gij as an x
+
-dependent family of two-dimensional
riemannian metris. Beause in two dimensions every metri is on-
formally at, we an assume that gij = c
2δij , where c is independent of
x−. The metri is then
ds2 = 2dx+dx− + a(dx+)2 + bidx
idx+ + c2dxidxi .
For generi a, bi and c the holonomy of this metri is ontained in
ISO(2) = SO(2) ⋉ R2 ⊂ SO(3, 1). We would like to restrit these
funtions so that the holonomy is preisely R
2
.
To simplify the alulations, we rst impose the ondition that the
spaetime be Rii-null, so that only R++ is dierent from zero. In
other words, we set Ri+ and Rij equal to zero.
We will ompute the Christoel symbols Γab
c
dened by
∇a∂b = Γabc ∂c , (19)
where ∇ is the Levi-Cività onnetion. They an be read o from
∇+∂+ = 12∂+a∂− − 12c−2∂ia∂i + c−2∂+bi∂i
∇+∂i = 12∂ia∂− + ∂+ log c∂i + 12c−2(∂ibj − ∂jbi)∂j
∇i∂j = Γijk∂k + 12(∂ibj + ∂jbi)∂− − c∂+cδij∂− ,
where Γij
k
are the Christoel symbols for the metri c2δij .
In our onventions, the Riemann urvature tensor is dened by
Rabc
d ∂d = − [∇a,∇b] ∂c , (20)
and the Rii urvature is given by the following ontration:
Rab = Racb
c . (21)
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Therefore the ontribution to Rij omes from
Rij = Riaj
a = Ri+j
+ +Ri−j
− +Rikj
k .
Beause ∂− is parallel, R−ab
c = Rabc
+ = 0, so that Rij = Rikj
k
; that is,
Rij is the Rii tensor of the transverse metri c
2δij. The vanishing of
Rij then says that the transverse metri is Rii-at. In two dimensions,
a Rii-at metri is at, so that without loss of generality we an take
c to be a funtion only of x+.
We an then perform a dieomorphism: x˜i = c(x+)xi to absorb the
onformal fator c2. In the new variables, the metri beomes
ds2 = 2dx+dx− + a(dx+)2 + bidx
idx+ + dxidxi ,
where a and bi are arbitrary funtions of x
i
and x+.
The Levi-Cività onnetion for this metri an be read from the one
for the metri (18), by setting c = 1 and Γij
k = 0:
∇+∂+ = 12∂+a∂− − 12∂ia∂i + ∂+bi∂i
∇+∂i = 12∂ia∂− + 12(∂ibj − ∂jbi)∂j
∇i∂j = 12(∂ibj + ∂jbi)∂− .
Next we set Ri+ = 0. Only Rij+
k
ontributes to this omponent of
the Rii tensor. We ompute
−[∇i,∇j]∂+ = 12∂k(∂ibj − ∂jbi)∂k (mod ∂−) ,
whene
Rkij+ =
1
2
∂k(∂ibj − ∂jbi) = 12ǫij∂kh ,
where h = ∂1b2 − ∂2b1. The vanishing of Ri+ is then simply
∂kh = 0 ,
so that ∂1b2 − ∂2b1 is only a funtion of x+. The most general solution
to this equation is
bi = ǫijx
jb(x+) + ∂iφ ,
for an arbitrary funtion φ independent of x−.
We an reabsorb the gradient term in bi by a loal dieomorphism
x˜− = x−+ 1
2
φ. In terms of the new variables (dropping tildes) the most
general four-dimensional Rii-null Brinkmann metri beomes
ds2 = 2dx+dx− + a(dx+)2 + bǫijx
jdxidx+ + dxidxi , (22)
where b = b(x+) and a = a(x+, xi) are arbitrary funtions.
We laim that this metri already has the orret holonomy. Let us
introdue the following pseudo-orthonormal oframe:
θ
+ˆ = dx+ , θ−ˆ = dx− + 1
2
adx+ + 1
2
bǫijx
jdxi , and θiˆ = dxi ,
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relative to whih the metri beomes
ds2 = 2θ+ˆθ−ˆ + θ iˆθiˆ .
The onnetion one-form an be omputed from the rst struture
equation:
dθaˆ = θbˆ ∧ ω bˆaˆ . (23)
One nds the following nonzero omponents:
ω iˆ
jˆ = bǫijdx
+ ,
and ω+ˆ
jˆ = −1
2
∂jadx
+ + b′ǫjix
idx+ + bǫijdx
i ,
where b′ = ∂+b.
The urvature two-form an be omputed using the seond struture
equation:
Ωaˆ
bˆ = dωaˆ
bˆ − ωaˆcˆ ∧ ωcˆbˆ . (24)
One nds that the so(2) omponent of the urvature vanishes:
Ωiˆ
jˆ = 0 .
Using the AmbroseSinger theorem this says that the so(2) part of the
holonomy algebra h vanishes, leaving h ∼= R2.
Of ourse, the forms for the metris are not unique. By a hange of
oordinate it is possible to eliminate the mixed dxidx+ terms at the
ost of introduing some onformal fator in the transverse metri (see,
for example, [20℄).
Finally we reord the Rii tensor of the metri (22), whose only
nonzero omponent is
R++ = −12 △ a+ 2b2 ,
where △ = ∂i∂i is the laplaian on funtions of the transverse oordi-
nates xi. This will be a funtion of x+ alone provided that △a has no
dependene on xi. Clearly there are plenty of suh funtions. We will
see in Setion 4 how any of these metris an be used as an ingredient
in a supersymmetri M-wave.
3.2.4. d = 5. The ve-dimensional Brinkmann metri has the form
ds2 = 2dx+dx− + a(dx+)2 + bidx
idx+ + gijdx
idxj , (25)
where now i, j run from 1 to 3, and a, bi and gij are independent
of x−. We an again think of gij as an x
+
-dependent family of three-
dimensional riemannian metris. For generi hoies of a, bi and gij , the
holonomy of this metri is ontained in ISO(3) = SO(3)⋉R3 ⊂ SO(4, 1).
We would like to hoose a, bi and gij in suh a way that the holonomy
is simply R
3
. This way the spaetime will admit a parallel null spinor.
In partiular it will be Rii-null, so that Rij = R+i = 0. As in the
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ase of d = 4, we start by imposing the vanishing of Rij , as imposing
this ondition from the start will simplify subsequent alulations.
The Levi-Cività onnetion of the above metri is given by
∇+∂+ = 12∂+a∂− + gij(∂+bj − 12∂ja)∂i
∇+∂i = 12∂ia∂− + 12gjk (∂+gik + ∂ibk − ∂kbi) ∂j
∇i∂j = Γijk∂k + 12 (∂ibj + ∂jbi − ∂+gij) ∂− ,
where Γij
k
are the Christoel symbols for the transverse metri gij.
The only ontribution to Rij again omes from the urvature tensor
of the transverse spae; whene setting Rij = 0 means that the trans-
verse metri gij must be Rii-at. In three dimensions, a riemannian
metri is Rii at if and only if it is at. This means that we an
hoose loal oordinates so that gij = c
2(x+)δij .
As before we an perform a loal dieomorphism: x˜i = c(x+)xi
to absorb the onformal fator c2. In the new variables, the metri
beomes
ds2 = 2dx+dx− + a(dx+)2 + bidx
idx+ + dxidxi ,
where a and bi are arbitrary funtions of x
i
and x+.
Unlike the four-dimensional ase, the vanishing of R+i is not su-
ient to restrit the holonomy. To restrit the holonomy we will om-
pute the urvature two-form and impose the vanishing of the so(3)
omponents diretly.
To this eet we introdue the pseudo-orthonormal oframe:
θ
+ˆ = dx+ , θ−ˆ = dx− + 1
2
bidx
i + 1
2
adx+ , and θiˆ = dxi .
The onnetion one-form an be omputed from the rst struture
equation (23). One nds the following nonzero omponents:
ωiˆ
jˆ = 1
4
(∂ibj − ∂jbi)dx+ ,
and ω+ˆ
jˆ = 1
2
(∂+bj − ∂ja)dx+ − 14(∂jbi − ∂ibj)dxi .
The urvature two-form an be omputed using the seond struture
equation (24). One nds that the so(3) omponent of the urvature is
given by
Ωiˆ
jˆ = −1
4
∂k (∂ibj − ∂jbi) dxk ∧ dx+ .
By the AmbroseSinger theorem this is the so(3) omponents of the
holonomy algebra, whih must vanish. As in the four-dimensional ase
this is equivalent to
∂k (∂ibj − ∂jbi) = 0 ,
whose most general solution is
bi = ǫijkx
jfk(x
+) + ∂iφ ,
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where the gradient term an again be reabsorbed via a loal dieomor-
phism x˜− = x− + 1
2
φ.
In summary, the most general supersymmetri Brinkmann wave in
ve dimensions has the metri
ds2 = 2dx+dx− + a(dx+)2 + ǫijkx
jfkdx
idx+ + dxidxi , (26)
where fj = fj(x
+) and a = a(x+, xi) are arbitrary funtions.
Finally we reord the Rii tensor orresponding to this metri (26),
whose only nonzero omponent is
R++ = −12 △ a− 2f 2 ,
where △ is the laplaian on funtions of the transverse oordinates xi
and f 2 = fifi. As in the d = 3, 4 ases treated above, we see that the
ondition that R++ depend only on x
+
an be met by a large lass of
funtions a, and for eah suh funtion we will see in the Setion 4,
how to onstrut a supersymmetri M-wave by an appropriate warping
onstrution.
3.3. The Bryant metris for d = 11 and d = 10. Bryant [6℄ has
written down the most general loal metri admitting parallel null
spinors in d = 11, and his results are easily adapted to d = 10, and
indeed to lower dimensions. The most general metri in d = 11 ad-
mitting a parallel null spinor is given by speialising the Brinkmann
metri (14). The Bryant metri is given by
ds2 = 2dx+dx− + a (dx+)2 + (dx9)2 + gijdx
idxj , (27)
where i, j now run from 1 to 8, ∂−a = 0 and now gij is an x
+
-dependent
family of metris with holonomy ontained in Spin(7) and obeying the
property that
∂+Ω = λΩ+Ψ , (28)
where Ω is the self-dual Spin(7)-invariant Cayley 4-form, λ a smooth
funtion of (x+, xi) and Ψ an anti-self dual 4-form. Following Bryant we
all suh a family of metris onformal anti-self dual. This ondition is
loally trivial, in the sense that one an use dieomorphisms to make
sure that any one-parameter family of Spin(7) holonomy metris is
onformal anti-self dual [6℄.
Speial ases of this metri have already appeared in the literature in
the ontext of solutions to supergravity or superstring theory. Already
in [11℄ there is mention of unpublished work of J Riher onerning the
metri
ds2 = 2dx+dx− + a (dx+)2 +
9∑
i=1
dxidxi , (29)
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where a obeys ∂−a = 0 but is otherwise arbitrary. This is the speial
ase of the Bryant metri (27) where gij = δij . For generi a, this
metri has holonomy R
9
.
We an gain some insight into the onformal anti-self dual ondition
(28) by onstruting some examples. One suh lass of examples is the
one in whih the x+ dependene of the metri is via a onformal fator,
whih means Ψ = 0 in the above expression. In other words, take
gij(x
+, xi) = e2σ(x
+) g¯ij(x
i) , (30)
where g¯ij is a xed metri whose holonomy is ontained in Spin(7).
(More generally we ould also let σ depend on xi, but then g¯ij is only
onformal to a metri with holonomy in Spin(7).) In Setion 4.3 we
will onstrut many lasses of Bryant metris, realising the holonomy
groups in Table 2 and satisfying the the onformal anti-self dual on-
dition in a more non-trivial way than the one just desribed.
The Bryant metri (27) will be a supersymmetri vauum of d=11
supergravity if and only if it is Rii-at. As explained above, this is
not automati sine the existene of a parallel null spinor only implies
the weaker ondition (11) that the spaetime be Rii-null. As we saw
above, this fores all omponents of the Rii tensor to vanish exept for
R++. Therefore the vanishing of R++ beomes a dierential equation
for the unknown funtion a.
Let us write this equation down expliitly in the speial ase of the
Bryant metri (27) satisfying equation (30).
We will therefore onsider the following eleven-dimensional metri:
ds2 = 2dx+dx− + a (dx+)2 + (dx9)2 + e2σ(x
+)gijdx
idxj , (31)
where ∂−a = 0 and gij is independent of (x
±, x9). The nonzero Christof-
fel symbols an be read from equation (19) and the following relations:
∇+∂+ = 12∂+a ∂− − 12∂9a ∂9 − 12e−2σgij∂ia ∂j
∇+∂9 = ∇9∂+ = 12∂9a ∂−
∇+∂i = ∇i∂+ = 12∂ia ∂− + σ′n ∂i
∇i∂j = Γijk ∂k − e2σgijσ′ ∂− ,
where Γij
k
are the Christoel symbols of the metri gij, and σ
′ = ∂+σ.
Using the above Christoel symbols one omputes the Riemann ur-
vature tensor (20) and nds the following nonzero omponents:
R+9+
9 = R9+9
− = −1
2
∂29a
R+9i
− = R+i9
− = Ri++
9 = 1
2
∂9∂ia
R+9+
i = −1
2
e−2σgij ∂9∂ja
R+i+
j = −1
2
∇i∂ja−
(
σ′′ + (σ′)2
)
δi
j
R+ij
− = 1
2
∇i∂ja+
(
σ′′ + (σ′)2
)
e2σ gij ,
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together with Rijk
ℓ
. We now ompute the Rii urvature, dened by
(21). Using the fat that Spin(7) holonomy manifolds are Rii-at we
get that Rij = 0. Similarly, one sees that all other omponents vanish
exept for
R++ = −12∂29a− 12∇i∂ia− 8
(
σ′′ + (σ′)2
)
,
as expeted form the fat that ds2 admits a parallel null spinor. Setting
R++ to zero yields a dierential equation for a:
∂29a +∇i∂ia = −16
(
σ′′ + (σ′)2
)
. (32)
Assuming the right-hand side is non-vanishing, we an simplify the
equation by writing the funtion a in the form
a(x+, x9, xi) = −16 (σ′′ + (σ′)2) b(x9, xi) ,
we see that equation (32) beomes
△b = 1 ,
where △ is the laplaian on funtions of (x9, xi).
Dropping all mention of x9, whih means taking a to be indepen-
dent of x9 and performing a dimensional redution on this oordinate,
we arrive at the most general ten-dimensional metri with holonomy
Spin(7)⋉ R8:
ds2 = 2dx+dx− + a (dx+)2 + gijdx
idxj , (33)
where a = a(x+, xi) is an arbitrary funtion, and gij is a onformal anti-
self dual family of metris whose holonomy is ontained in Spin(7).
Speial ases of this metri have been studied in the literature, in the
ontext of wave-like solutions to type IIA supergravity and superstring
theories [3, 10, 9℄.
Similarly one an write loal metris for supersymmetri Brinkmann
waves in lower dimension, provided that we hoose the family of metris
gij(x
+) (with i, j = 1, · · · , d − 2) to have the appropriate holonomy
and that the variation under x+ is suitably onstrained. (Compare the
appendix in [10℄ for some examples of suh spaetimes.)
4. Lifting the Brinkmann waves
In this setion we desribe a onstrution of supersymmetriM-waves
obtained by lifting d-dimensional supersymmetri Brinkmann waves to
eleven dimensions. The idea is to warp the Brinkmann wave with an
(11 − d)-dimensional riemannian manifold admitting parallel spinors.
The resulting spaetime is indeomposable and admits a parallel null
spinor. If the Brinkmann wave satises the additional requirement that
R++ only depends on x
+
, then it will be possible to hoose the warp
fator so that the warped produt is Rii-at, and hene a supersym-
metri M-wave.
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4.1. Warped produts and Brinkmann waves. Let Bd be a d-
dimensional supersymmetri Brinkmann wave. Its holonomy group
H(B) ⊂ Spin(d−1, 1) is listed in Table 3 or is built from them aord-
ing to the proedure outlined above that table. Let K be an (11− d)-
dimensional riemannian manifold admitting parallel spinors. We will
take both B and K to be simply-onneted for simpliity, but learly
this does not represent any real loss of generality, at least oneptually;
although in the non-simply onneted ase some further supersymme-
try might be broken.
Let (xa) = (x+, x−, xi), for i = 1, 2, . . . , d−2, be loal oordinates for
the Brinkmann wave B, and let (ym) for m = 1, 2, . . . , 11− d be loal
oordinates for K. Let σ be an arbitrary funtion of x+. The warped
produt M = B ×σ K is topologially B × K, but not metrially.
Instead the metri on M is given by
ds2 = gab(x)dx
adxb + e2σ hmn(y)dy
mdyn , (34)
where gab is the Brinkmann metri and hmn is the metri on K.
Table 4 lists possible warped produts of this type, aording to
the holonomy groups H(B) and H(K). Only the maximal holonomy
groups are listed. For example, for d=2, 3 we an have a number of
subgroups of Spin(7) as the holonomy group of K. Some, like SU(4)
and Sp(2) do not split K, but some like Sp(1) × Sp(1) do. It is not
important that K be irreduible for M to be indeomposable, but it
is important that B be indeomposable, at least for this onstrution.
This onstrains the subgroups whih an appear as H(B). (Compare
with the disussion atop Table 3.)
This onstrution an be generalised in the following way. If the
manifold K is reduible, so that it is metrially a produt K = K1 ×
· · ·×KN , then we an use a dierent warp fator σi in eah irreduible
omponent Ki. We shall not dwell on this generalisation, but we will
see it again briey in Setion 4.3, where we will onstrut metris with
the holonomies in Table 2.
We laim that the metri (34) admits a parallel null spinor. Moreover
we will see that when B is suh that the only nonzero omponent R++
of its Rii tensor depens only on x+, it will be possible to hoose the
warping funtion σ in suh a way that the metri (34) is Rii at,
and thus providing a supersymmetri M-theory vauum. To see this
we will ompute the holonomy algebra of the warped produt and also
the Rii tensor. We will see that the holonomy algebra always agrees
with the Lie algebra of the holonomy groups in Table 2, and that all
suh Lie algebras appear in this way.
4.2. The holonomy group of a warped produt. We start by
omputing the holonomy algebra of the warped produt M . By the
AmbroseSinger theorem the holonomy algebra is generated by the
omponents of the urvature two-form, so we ompute this.
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d H(B) ⊂ Spin(d− 1, 1) H(K) ⊂ Spin(11− d) 11− d
2 {1} Spin(7) 9
3 R Spin(7) 8
4 R2 G2 7
5 R3 SU(3) 6
6 Sp(1)⋉ R4 Sp(1) 5
7 (Sp(1)⋉ R4)× R Sp(1) 4
8 SU(3)⋉ R6 {1} 3
9 G2 ⋉ R
7 {1} 2
10 Spin(7)⋉ R8 {1} 1
Table 4. Possible supersymmetri eleven-dimensional
warped produts B ×σ K. Only maximal subgroups are
shown on either side.
Consider a pseudo-orthonormal oframe θ
aˆ
forB and an orthonormal
oframe θ
mˆ
for K. We form a pseudo-orthonormal oframe (θ¯
Aˆ
) =
(θ¯
aˆ
, θ¯
mˆ
) for M , where θ¯
aˆ
= θaˆ and θ¯
mˆ
= eσθmˆ. In terms of this
oframe the metri (34) beomes
ds2 = ηaˆbˆθ¯
aˆ
θ¯
bˆ
+ δmˆnˆθ¯
mˆ
θ¯
nˆ
.
The onnetion one-form follows from the rst struture equation:
dθ¯
aˆ
= θ¯
bˆ ∧ ω¯bˆaˆ + θ¯
mˆ ∧ ω¯mˆaˆ
dθ¯
mˆ
= θ¯
nˆ ∧ ω¯nˆmˆ + θ¯bˆ ∧ ω¯bˆmˆ .
Computing the left-hand sides of these equations and using the rst
struture equations in B and K separately, we nd
ω¯bˆ
aˆ = ωbˆ
aˆ , ω¯mˆ
nˆ = ωmˆ
nˆ
and ω¯aˆ
mˆ = ∂aˆσθ¯
mˆ
,
where ∂aˆ ≡ eaaˆ∂a are the frames dual to the oframe θaˆ.
We ompute the urvature two-form using the seond struture equa-
tion:
Ω¯aˆ
bˆ = dω¯aˆ
bˆ − ω¯aˆcˆ ∧ ω¯cˆbˆ − ω¯aˆmˆ ∧ ω¯mˆbˆ
Ω¯aˆ
mˆ = dω¯aˆ
mˆ − ω¯aˆbˆ ∧ ω¯bˆmˆ − ω¯aˆnˆ ∧ ω¯nˆmˆ
Ω¯mˆ
nˆ = dω¯mˆ
nˆ − ω¯mˆaˆ ∧ ω¯aˆnˆ − ω¯mˆpˆ ∧ ω¯pˆnˆ .
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Using the expliit expressions of the onnetion one-forms, one nds
Ω¯aˆ
bˆ = Ωaˆ
bˆ
Ω¯aˆ
mˆ =
(
∂aˆσ∂bˆσθ¯
bˆ
+ ∂bˆ∂aˆσθ¯
bˆ − ωaˆbˆ∂bˆσ
)
∧ θ¯mˆ
Ω¯mˆ
nˆ = Ωmˆ
nˆ − ∂aˆσ∂aˆσθ¯mˆ ∧ θnˆ .
Sine σ is only a funtion of x+, its gradient ∂aˆσ is null: ∂aˆσ∂
aˆσ = 0.
This sets Ω¯mˆ
nˆ = Ωmˆ
nˆ
. We now laim that the only nonzero omponent
of Ω¯aˆ
mˆ
is Ω¯+ˆ
mˆ
. Postponing the proof of this statement momentarily,
let us see what this says about the holonomy group of the warped
produt.
The AmbroseSinger theorem tells us that the holonomy algebra at
a point p ∈M is the subalgebra of so(10, 1) generated by the elements
Ω¯
AˆBˆ
(p) under linear ombinations and Lie brakets. These elements
are the following: Ω¯
aˆbˆ
, whih span the holonomy algebra hB of the
Brinkmann wave, Ω¯
mˆnˆ
whih span the holonomy algebra hK of the
transverse spae K, and Ω¯
−ˆmˆ
whih span an abelian algebra isomorphi
to R
11−d
. The Lie algebra hB is isomorphi to k ⋉ R
d−2
, where k ⊂
so(d − 2) preserves some spinors and ats on Rd−2 by restriting the
vetor representation of so(d − 2) to k. The holonomy algebra hM is
then isomorphi to (k× hK)⋉ R9.
Going through the Lie algebras of the holonomy groups in Table 4
we see that the holonomy algebra of M = B ×σ K is given by the Lie
algebra of the following groups, indexed aording to the dimension d
of the Brinkmann wave:
• for d = 2, 3, 10, 11,
Spin(7)⋉ R9 ∼= (Spin(7)⋉ R8)× R ;
• for d = 4, 9,
G2 ⋉ R
9 ∼= (G2 ⋉ R7)× R2 ;
• for d = 5, 8,
SU(3)⋉ R9 ∼= (SU(3)⋉ R6)× R3 ;
• and for d = 6, 7,
(Sp(1)× Sp(1))⋉ R9 ∼= (Sp(1)⋉ R4)× (Sp(1)⋉ R4)× R .
These holonomy groups appear in Table 2. The other groups in that
table an be obtained via the same onstrution, but where we take
spaes B and K whih do not realise the maximal allowed holonomy
group, but a subgroup. In Setion 4.3 below we will see how to obtain
all the holonomy groups in Table 2 by warping a three-dimensional
Brinkmann wave with holonomy R together with an eight-dimensional
spae K of holonomyH(K) ⊆ Spin(7) to obtain a spae with holonomy
H(K)⋉ R9.
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Now we return to the proof of the statement that the only mixed
omponent of the urvature two-form is Ω¯+ˆ
mˆ = −Ω¯mˆ−ˆ. This will follow
from the expliit expression for Ω¯+ˆ
mˆ
given above, and the following two
observations: that the only nonzero omponent of the gradient ∂aˆσ is
∂+ˆσ, and that ωaˆ
+ˆ = 0.
To prove these assertions we must go bak to the metri (14) for
a Brinkmann wave. A onvenient pseudo-orthonormal oframe (θaˆ)
is given by (θ+ˆ, θ−ˆ, θiˆ), where θiˆ is an orthonormal oframe for gij ,
θ
+ˆ = dx+ and
θ
−ˆ = dx− + 1
2
adx+ + 1
2
bidx
i .
From this expression it is plain to see that dual pseudo-orthonormal
frame ∂aˆ = eaˆ
a∂a is suh that the only nonzero omponent of eaˆ
+
is
e+ˆ
+ = 1. Sine the warp fator σ is only a funtion of x+, it follows
that ∂aˆσ vanishes exept for ∂+ˆσ = ∂+σ. This proves the rst assertion.
To prove the seond assertion we onsider the rst struture equation
(23) relating the oframe with the onnetion one-forms. Beause dx−
does not appear in dθaˆ for any a and dx− only appears in θ−ˆ it follows
that θ
−ˆ
must not appear in the right-hand side of the struture equation
(23). In other words, ω
−ˆ
aˆ = 0 for all a. But beause the oframe is
pseudo-orthonormal, one has that ωaˆ
+ˆ = −ηaˆbˆω−ˆ bˆ = 0.
4.3. Some metris with holonomy in Table 2. In this setion we
will show how to onstrut indeomposable eleven-dimensional spae-
times with eah of the holonomy groups in Table 2. The resulting spae-
time will be a (generalised) warped produt M of a three-dimensional
supersymmetri Brinkmann wave B and an eight-dimensional man-
ifold K with holonomy ontained in Spin(7). This guarantees that
K and, hene, M admit a parallel spinor. Equation (17) desribes
the most general loal metri for a three-dimensional supersymmetri
Brinkmann wave. It depends on one arbitrary funtion a of x+ and x1.
Sine the eight-dimensional spae K need not be irreduible, we have
many possible hoies. We will now disuss eah hoie very briey,
and for eah hoie we will write down a metri with holonomy group
in Table 2 depending on at least two funtions: the funtion a in the
metri for B and one warping funtion for eah irreduible omponent
of K.
4.3.1. (Spin(7)⋉ R8)× R. We take K to be irreduible with holonomy
Spin(7), and let the metri be given by
ds2(K) = gmn(y)dy
mdyn . (35)
Let σ be an arbitrary funtion of x+ and onsider the metri given by
ds2 = 2dx+dx− + a(dx+)2 + (dx1)2 + e2σgmndy
mdyn . (36)
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For generi a and σ the holonomy of this metri is the maximal sub-
groupG given in equation (13). From the appendix it follows that there
is preisely one parallel spinor. If the manifold is Rii-at (see below)
then it is an M-wave preserving preisely
1
32
of the supersymmetry.
4.3.2. (SU(4)⋉ R8)× R. Let K be irreduible with metri given by
equation (35) but with holonomy SU(4). Then the warped produt
metri given by the expression (36) now has holonomy(
SU(4)⋉ R8
)× R
and, by the results of the appendix, preserves exatly
1
16
of the super-
symmetry.
4.3.3. (Sp(2)⋉ R8)× R. Let K again be irreduible with metri given
by equation (35) but with holonomy Sp(2). Then the warped produt
metri given by the expression (36) now has holonomy(
Sp(2)⋉ R8
)× R
and, by the results of the appendix, preserves exatly
3
32
of the super-
symmetry.
4.3.4. (G2 ⋉ R
7)× R2. Let K have holonomy G2. This means that it
is reduible. The metri is given loally by
ds2(K) = gmn(y)dy
mdyn + (dy8)2 ,
where m,n now only run from 1 to 7 and gmn(y), whih is independent
of y8, has holonomy G2. Let σ and σ8 be arbitrary funtions of x
+
,
and onsider the following generalised warped produt:
ds2 = 2dx+dx− + a(dx+)2 + (dx1)2 + e2σgmndy
mdyn + e2σ8(dy8)2 .
A similar alulation to the one in Setion 4.2, whih disusses the
degenerate ase σ8 = σ, shows that the holonomy group of the above
metri is (
G2 ⋉ R
7
)× R2 ,
whih, by the results of the appendix, preserves
1
16
of the supersymme-
try.
4.3.5. (SU(3)⋉ R6)× R3. Let K now have holonomy SU(3), so that it
is again reduible. The metri is given loally by
ds2(K) = gmn(y)dy
mdyn + (dy7)2 + (dy8)2 ,
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where m,n now only run from 1 to 6 and gmn(y), whih is independent
of y7 and y8, has holonomy SU(3). Let σ, σ7 and σ8 be arbitrary
funtions of x+, and onsider the following generalised warped produt:
ds2 = 2dx+dx− + a(dx+)2 + (dx1)2 + e2σgmndy
mdyn +
8∑
i=7
e2σi(dyi)2 .
A similar alulation to the one in Setion 4.2, whih again disusses
the degenerate ase σ7 = σ8 = σ, shows that the holonomy group of
the above metri is (
SU(3)⋉ R6
)× R3 ,
whih, by the results of the appendix, preserves
1
8
of the supersymme-
try.
4.3.6. (Sp(1)⋉ R4)× (Sp(1)⋉ R4)× R. Let K now be reduible with
holonomy Sp(1)× Sp(1). It has two irreduible omponents, eah hav-
ing holonomy Sp(1). The metri is given loally by
ds2(K) = g(1)mndy
mdyn + g
(2)
m¯n¯dy
m¯dyn¯ ,
where m,n now only run from 1 to 4 and m¯, n¯ run from 5 to 8. As
before g
(1)
mn, whih is independent of y5, . . . , y8, and g
(2)
m¯n¯, whih is in-
dependent of y1, . . . , y4, have separately holonomy Sp(1). Let σ1 and
σ2 be arbitrary funtions of x
+
, and onsider the following generalised
warped produt:
ds2 = 2dx+dx− + a(dx+)2 + (dx1)2
+ e2σ1g(1)mndy
mdyn + e2σ2g
(2)
m¯n¯dy
m¯dyn¯ .
The similar alulation as in Setion 4.2, whih again disusses the
degenerate ase σ1 = σ2 = σ, shows that the holonomy group of the
above metri is (
Sp(1)⋉ R4
)× (Sp(1)⋉ R4)× R ,
whih, by the results of the appendix, preserves
1
8
of the supersymme-
try.
4.3.7. (Sp(1)⋉ R4)× R5. Let K have holonomy Sp(1). This is a spe-
ialisation of the previous ase where g(2) is now the at metri. There-
fore the metri is given loally by
ds2(K) = gmn(y)dy
mdyn + dyn¯dyn¯ ,
where m,n now only run from 1 to 4 and m¯, n¯ run from 5 to 8, and
where gmn is independent on y
5, . . . , y8. Let σ, σ5, . . . , σ8 be arbitrary
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funtions of x+, and onsider the following generalised warped produt:
ds2 = 2dx+dx− + a(dx+)2 + (dx1)2
+ e2σgmndy
mdyn +
∑
n¯
e2σn¯dyn¯dyn¯ .
Again as in Setion 4.2, whih disusses the degenerate ase where all
the warping fators are equal, one sees that the holonomy group of the
above metri is (
Sp(1)⋉ R4
)× R5 ,
whih, by the results of the appendix, preserves
1
4
of the supersymme-
try.
4.3.8. R
9
. Finally we take K to be at. Let σm for m = 1, . . . , 8 be
arbitrary funtions of x+. The generalised warped produt with metri
ds2 = 2dx+dx− + a(dx+)2 + (dx1)2 + e2σmdymdym
has holonomy R
9
for generi σm. As shown in the appendix it therefore
preserves
1
2
of the supersymmetry. When σm = 0 for all m, we obtain
the metri (29).
All the loal metris given in this setion are speial ases of the
Bryant metri (27) where the family of eight-dimensional metris is
suh that equation (28) is satised.
4.4. Rii-atness: building the M-wave. All the spaetimes re-
sulting from the warping onstrution just desribed admit a parallel
null spinor. This means that provided they solve the supergravity
equations of motion, they are supersymmetri M-theory vaua. Be-
ause they admit a parallel spinor, they are Rii-null. As explained
above, their Rii tensor has only one nonzero omponent R++. Now
we investigate whether it is possible to hoose the warp fator σ in
suh a way that the resulting warped produt is Rii-at. We will see
that provided that R++ depends only on x
+
, we will be able to hoose
σ appropriately. Whereas not every supersymmetri Brinkmann wave
has this property, we saw in the Setion 3.2 that many do and in the
next setion we will see one suh example in detail.
Let us ompute the Rii tensor of the warped produt M . Let ∇¯
denote the Levi-Cività onnetion of the warped produtM = B×σK,
and ∇ the Levi-Cività onnetion of eah of the omponent spaes
B and K. The Christoel symbols an be read using (19) from the
following:
∇¯a∂b = ∇a∂b
∇¯a∂m = ∇¯m∂a = ∂aσ ∂m
∇¯m∂n = ∇m∂n − gab∂bσe2σhmn∂a .
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The urvature tensor of M , similarly adorned with a bar to distin-
guish it from that of B and K, has the following nonzero omponents:
R¯abc
d = Rabc
d
R¯amb
n = − (∇a∂bσ + ∂aσ∂bσ) δmn
R¯amn
b = hmn∇a
(
e2σ∂bσ
)
R¯mnp
q = Rmnp
q + e2σgab∂aσ∂bσ (hnpδm
q − hmpδnq) .
The holonomy of the warped produt implies that M is Rii-null,
and this implies that R¯++ is the only nonzero omponent in the Rii
tensor. But we an verify this diretly. The Rii urvature is given by
ontrating the Riemann urvature:
R¯ab = Rab − (11− d) (∇a∂bσ + ∂aσ∂bσ)
R¯an = 0
R¯mn = Rmn + hmn∇a
(
e2σ∂aσ
)− (10− d)hmne2σgab∂aσ∂bσ .
We expand
∇a
(
e2σ∂aσ
)
= e2σ
(
2∂aσ∂
aσ + ∂a∂
aσ + Γab
a∂bσ
)
.
Indeed, beause σ only depends on x+, it is harmoni
∂a∂
aσ = 0 ,
and its gradient is null
∂aσ∂
aσ = 0 .
Similarly the only omponent of the gradient is ∂−σ, whih together
with the fat that Γa−
b = 0 (whih follows from the fat that ∂− is
parallel) shows that
Γab
a∂bσ = 0 .
Beause K is riemannian and admits parallel spinors, it is Rii-at,
whene Rmn = 0. Putting all this together we see that R¯mn = 0. Now
beause B is a supersymmetri Brinkmann wave, only R++ is nonzero.
Finally, using again that σ only depends on x+, we see that the only
nonzero omponent of
∇a∂bσ + ∂aσ∂bσ
is the ++ omponent, whih is equal to
σ′′ + (σ′)2 ,
where σ′ = ∂+σ. In summary, the only nonzero omponent of the Rii
tensor of M is given by
R¯++ = R++ − (11− d)
(
σ′′ + (σ′)2
)
.
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In terms of f = eσ, the vanishing of R¯++ beomes the linear equation:
f ′′ =
1
11− dR++ f , (37)
whih an be solved for f (and hene σ) provided that R++ depends
only on x+. As was mentioned earlier, this is not always the ase for
every supersymmetri Brinkmann wave, but as we saw in Setion 3.2
there are plenty of examples for whih this is the ase. In partiular,
for d = 4 many examples are known (see, e.g., [14℄ and referenes
therein). A more reent four-dimensional example is disussed in the
next setion.
5. An expliit example: the NappiWitten wave
The NappiWitten bakground, with the parallelising torsion oming
from the group struture, is a supersymmetri bakground for ten-
dimensional type II supergravity
2
and indeed of type II superstring
theory [18℄. On the other hand, in this setion, we will show how to
lift the NappiWitten metri to eleven dimensions and onstrut from
it a supersymmetri vauum of d=11 supergravity.
5.1. The NappiWitten geometry. We start by disussing the ge-
ometry of the NappiWitten metri, paying lose attention to its holo-
nomy.
The NappiWitten spaetime [18℄ desribes a four-dimensional solv-
able Lie group N possessing a bi-invariant lorentzian metri. The Lie
algebra n is the universal entral extension of the two-dimensional eu-
lidean algebra, with generators {X1, X2, X−, X+} obeying the follow-
ing non-vanishing Lie brakets:
[Xi, Xj] = ǫijX− and [X+, Xi] = ǫijXj , (38)
where i, j = 1, 2 and ǫ12 = −ǫ21 = 1. Up to sale, there is a one-
parameter family of invariant salar produts:
〈Xi, Xj〉 = δij , 〈X+, X+〉 = b and 〈X+, X−〉 = 1 . (39)
Clearly these metris are non-degenerate, ad-invariant, and lorentzian.
The parameter b is inessential. Changing basis to {X ′1, X ′2, X ′+, X ′−}
where X ′i = Xi for i = 1, 2, X
′
−
= X− and X
′
+ = X+ − 12bX−, the
metri now has b = 0. Sine X− is entral and X+ 6∈ [n, n], this hange
of basis is an automorphism of n. Therefore without loss of generality
we will set b = 0 and drop the primes in the generators.
A onvenient oordinate hart for N is given by
n(x) = ex
1X1+x2X2 ex
−X
−
+x+X+ ∈ N , (40)
2
Stritly speaking, the vauum is N × K with K a suitable six-dimensional
manifold, e.g., T 6, a CalabiYau 3-fold,...
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where the oordinates (x1, x2, x−, x+) take values in R4. Stritly speak-
ing, this is the universal over of the NappiWitten spaetime. It is
possible to onsider quotients where the oordinate x+ is periodi, but
we will not do so here, sine periodiity would spoil the onstrution
in Setion 5.2 of a supersymmetri bakground for d=11 supergravity.
We will omment on this again later on.
The left- and right-invariant MaurerCartan forms are given by
θL = n(x)
−1dn(x) and θR = dn(x)n(x)
−1 . (41)
These are one-forms on N taking values in n. We an dene a left-
invariant metri ds2 in N by
ds2 = 〈θL, θL〉 ≡ θiLθiL + 2θ+Lθ−L , (42)
with summation over i = 1, 2 implied. Beause the salar produt (39)
is ad-invariant, we an also write ds2 in terms of the right-invariant
MaurerCartan forms as
ds2 = 〈θR, θR〉 ,
whih shows that ds2 is also right-invariant.
In terms of the loal oordinate hart (40), the metri (42) beomes
ds2 = 2dx+dx− + ǫijx
jdxidx+ + dxidxi , (43)
whih is of the form (22) with a = 0 and b = 1. Hene from our
previous analysis we know that this is a supersymmetri Brinkmann
wave. Nevertheless let us ompute some of the geometrial objets
assoiated with this metri.
The non-vanishing oeients of the Levi-Cività onnetion are
∇+∂i = ∇i∂+ = −14xi∂− − 12ǫij∂j , (44)
where i, j = 1, 2. The nonzero omponents of the Riemann urvature
tensor are given by
R+i+
j = 1
4
δij and R+i+
− = −1
8
ǫijx
j , (45)
from where we ompute the Rii tensor, whose only nonzero ompo-
nent is
R++ =
1
2
. (46)
Hene the NappiWitten geometry is not Rii-at, although the ur-
vature salar does vanish.
In order to onstrut the spin onnetion, we rst need to hoose
a pseudo-orthonormal oframe. It will prove onvenient to use yet a
third oframe θ, dierent from the either of the two MaurerCartan
oframes. Let us dene
θ
iˆ = dxi + 1
2
ǫijx
jdx+ , θ−ˆ = dx− − 1
8
|x|2dx+ and θ+ˆ = dx+ ,
(47)
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where |x|2 ≡ xixi. In terms of this oframe, the metri (43) is simply
ds2 = θiˆθiˆ + 2θ+ˆθ−ˆ . (48)
The onnetion one-form ω is dened by the rst struture equation
(23). Dening ω
aˆbˆ = −ηbˆcˆωcˆaˆ, we an express the nonzero omponents
of the onnetion one-form as follows:
ω1ˆ2ˆ+ = −12 , ω1ˆ−ˆ+ = −14x1 and ω2ˆ−ˆ+ = −14x2 . (49)
The urvature two-formΩ follows from the seond struture equation
(24). It follows from equation (49) that the quadrati term does not
ontribute, from where we see that the only nonzero omponents of the
urvature two-form are
Ω1+
1ˆ−ˆ = −1
4
and Ω2+
2ˆ−ˆ = −1
4
, (50)
whih an be shown to agree with (45).
By the AmbroseSinger theorem, the holonomy algebra is the Lie
subalgebra h ⊂ so(3, 1) spanned by the 1
2
Ωab
cˆdˆecˆ ∧ edˆ for all a, b, where
we are identifying the Lie algebra so3,1 of the Lorentz group with the
bivetors
∧2
M
4
in Minkowski spaetime. In the ase at hand the ho-
lonomy algebra is the two-dimensional abelian subalgebra generated
by hi ≡ eiˆ ∧ e−ˆ for i = 1, 2. If {eaˆ} is a pseudo-orthonormal basis
for M
4
with inner produt 〈eaˆ, ebˆ〉 = ηaˆbˆ, then the innitesimal Lorentz
transformations are given by:
[eaˆ ∧ ebˆ, ecˆ] = ηaˆcˆebˆ − ηbˆcˆeaˆ . (51)
Notie that the ation of the holonomy representation in M
4
is re-
duible, yet it is indeomposable. To see this let us onsider the ation
of the hi on the basis {eaˆ} of M4. It ats via null rotations:
[h1, e1ˆ] = e−ˆ [h1, e2ˆ] = 0 [h1, e+ˆ] = −e1ˆ [h1, e−ˆ] = 0
[h2, e1ˆ] = 0 [h2, e2ˆ] = e−ˆ [h2, e+ˆ] = −e2ˆ [h2, e−ˆ] = 0 .
It is lear that the line spanned by e
−ˆ
is a subrepresentation whih
does not split. The h-invariant forms are given in Table 5. By the
holonomy priniple these invariants give rise to parallel forms in the
NappiWitten spaetime.
Rank Parallel Forms
0 1
1 θ+ˆ = dx+
2 θiˆ ∧ θ+ˆ = dxi ∧ dx+
3 θ1ˆ ∧ θ2ˆ ∧ θ+ˆ = dx1 ∧ dx2 ∧ dx+
4 θ1ˆ ∧ θ2ˆ ∧ θ−ˆ ∧ θ+ˆ = dx1 ∧ dx2 ∧ dx− ∧ dx+
Table 5. Parallel forms in the NappiWitten spaetime
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The NappiWitten spaetime N is parallelisable (it is a Lie group)
and hene it admits a spin struture; although, as the urvature alu-
lation shows, the parallelising onnetion is not the Levi-Cività onne-
tion. Nevertheless, as we will see presently, the NappiWitten manifold
admits parallel spinors.
We an rst of all detet the existene of parallel spinors by study-
ing the ation of the holonomy algebra on the spinors. The spinors
are in a representation of Spin(3, 1) ∼= SL(2,C), whih sits inside the
Cliord algebra Cℓ(3, 1). Let ̺ : h → Cℓ(3, 1) denote the spinorial
representation of the holonomy algebra, dened by
̺(hi) =
1
2
ΓiˆΓ−ˆ for i = 1, 2,
where the {Γaˆ} = {Γiˆ,Γ−ˆ,Γ+ˆ} satisfy
{Γaˆ,Γbˆ} = −2ηaˆbˆ1 . (52)
By the holonomy priniple, parallel spinors will be in one-to-one or-
respondene with h-invariant spinors. A spinor ε is h-invariant if and
only if
(∀i) ΓiˆΓ−ˆε = 0 ⇐⇒ Γ−ˆε = 0 .
Sine Γ2
−ˆ
= 0 and {Γ
−ˆ
,Γ+ˆ} = −21, it follows that
Γ
−ˆ
ε = 0 ⇐⇒ ε = Γ
−ˆ
χ ,
where χ = −1
2
Γ+ˆε. In other words, one half of the spinors are parallel.
We an solve expliitly for the parallel spinors as follows. Let ε be a
parallel spinor. It satises the dierential equation
∂aε = −14ωacˆdˆΓcˆdˆε .
From the expliit expression of the spin onnetion (49), this equation
beomes
∂iε = ∂−ε = 0 and ∂+ε =
1
4
Γ1ˆ2ˆε ,
where we have used that Γ
−ˆ
ε = 0. Sine Γ2
1ˆ2ˆ
= −1, it is a omplex
struture. Sine it ommutes with Γ
−ˆ
it preserves those spinors in its
kernel and an be diagonalised there. Therefore let us write ε = ε++ε−,
where Γ1ˆ2ˆε± = ±iε±, and Γ−ˆε± = 0. Then
∂+ε± = ± i4ε± ,
whih has solutions
ε = χ+e
ix+/4 + χ−e
−ix+/4 ,
where χ± are onstant spinors satisfying Γ−ˆχ± = 0 and Γ1ˆ2ˆχ± = ±iχ±.
We an further impose a reality ondition on ε by taking χ+ = χ
∗
−
. No-
tie that sine spinors an hange by a sign around a non-ontratible
loop, it would be possible to periodially identify x+ ∼ x+ + 4πN , for
some integer N , and still have parallel spinors.
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5.2. Lifting the NappiWitten bakground. We now disuss how
to lift the NappiWitten bakground to eleven dimensions while pre-
serving supersymmetry.
Let K be a seven-dimensional riemannian manifold with holonomy
group ontained in G2 ⊂ SO(7). Let σ be an arbitrary funtion of x+
and let us onsider the warped produt M = N ×σ K with metri
ds2 = ds2(N) + e2σ ds2(K) . (53)
From the results in Setion 4 we know that the above warped prod-
ut has holonomy ontained in (G2 ⋉ R
7)× R2 and therefore it admits
a parallel null spinor. The spaetime will in addition be Rii-at pro-
vided that the funtion f = eσ obeys the dierential equation (37),
whih using equation (46) beomes
f ′′ =
1
14
f = 0 .
Notie that the solutions to this equation grow asymptotially for
|x+| → ∞, and hene we are not allowed to periodially identify x+,
and are fored instead to work on the universal over of the Nappi
Witten spaetime.
If the metri on K has holonomy preisely G2 then M admits a total
of 2 parallel spinors and this means that the spaetime preserves 1
16
of the supersymmetry. At the other extreme, if K is at, then the
holonomy group of M is R9 and it admits a total of 16 parallel spinors,
aounting for
1
2
of the supersymmetry. By hoosing the holonomy
group of K to be any admissible group in between: SU(3) and Sp(1) =
SU(2), we an obtain 1
8
and
1
4
the supersymmetry, respetively. In other
words, the spaetime preserves
1
2
of the supersymmetry preserved by
the vauum M
4 ×K.
6. Some solutions with F 6= 0
In this setion we will investigate the possibility of relaxing the as-
sumption of vanishing four-form while preserving the form of the met-
ri. As we have seen above, the metris we onstruted depend on some
arbitrary funtions whih are then further onstrained to make the
spaetime Rii-at, as demanded by the equations of motion. With a
nonzero four-form, the equations of motion will hange: in partiular
the metri will not be Rii-at; but this just hanges the onditions
on the arbitrary funtions the metri depends on. Therefore it seems
a priori that there might be room for introduing a non-zero F while
preserving the form of the metri.
Indeed, as we will now see, it will be possible in some ases to add a
nonzero four-form while both preserving supersymmetry and satisfying
the Maxwell and Einstein equations of motion. Our approah derives
its inspiration from the work of Hull [11℄, who took the metri given by
equation (29) and showed how to add nonzero gravitino and four-form
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to obtain a supersymmetri vauum of eleven-dimensional supergravity.
In fat, Hull's solution an be speialised by setting the gravitino to zero
and hene one obtains in this way a supersymmetri bosoni vauum
with nonzero four-form.
The metri (29) is rather speial, sine it has holonomy R
9
. In this
setion we will investigate whether it is possible to make supersymmet-
ri vaua with nonzero F and with metris of larger holonomy. We will
see that this will be possible for metris with all the holonomy groups
in Table 2 exept for those with the largest possible holonomy G in
(13).
6.1. Supersymmetri bosoni vaua with nonzero ux. We now
go about adding F to the bakground dened by Bryant's metri (27),
in suh a way that the equations of motion are satised. We rst
need to write down a suitable F . Beause the Bryant metri admits
a parallel null spinor it is Rii-null, and beause ∂− is parallel, this
means that the only nonzero omponent of the Rii tensor is R++.
This implies that the salar urvature R vanishes and if the equations
of motion (5) are to be satised, then the only nonzero omponent of
the energy-momentum tensor is T++. This means that the four-form
F is null; in fat, F must be of the form
F = dx+ ∧ Φ , (54)
where Φ is a 3-form with omponents Φµνρ where µ, ν, ρ take the values
1 to 9; in other words, ∂−yΦ = 0. We now impose the Bianhi identity
and the equation of motion for F .
The Bianhi identity (dF = 0) is satised provided that Φ is losed
as a 3-form in the 9-dimensional spae X9 parametrised by x
µ
for µ =
1, . . . , 9, and that it is independent of x−. The dependene on x+ is
not onstrained.
The equation of motion (4) simply says that F is o-losed: d⋆F = 0.
The Hodge dual of F relative to the Bryant metri is given by
⋆F = 1
2
dx+ ∧ ⋆9Φ ,
where ⋆9 is the Hodge dual in X9 relative to the x
+
-dependent metri
ds2(X9) = (dx
9)2 + gijdx
idxj . (55)
Therefore the equations of motion simply says that ⋆9Φ = 0 is a losed
form on X9. In other words, Φ is an x
+
-dependent family of harmoni
forms on X9 (relative to the x
+
-dependent family of metris (55)). In
order to onstraint Φ further it will be neessary to impose that the
bakground be supersymmetri.
The ondition for a bosoni bakground to be supersymmetri is
the vanishing of the supersymmetry variation of the gravitino, whih
is given by equation (7), with θa(F ) given by (8). In order to nd
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solutions to this equation we will make the following assumption: that
the spinors ε satisfy
Γ
−ˆ
ε = 0 . (56)
It might be possible to prove that this assumption is atually fored
upon us, by a full analysis of the integrability of equation (7), but thus
far we have been unable to prove it. At any rate, together with the
form (54) for F , this assumption implies that θa · ε = 0 for all a exept
a = +, for whih
θ+(F ) · ε = −16Φ · ε , (57)
where Φ · ε = 1
6
ΦµνρΓ
µνρǫ. Equation (7) now beomes
∇−ε = 0 , ∇µε = 0 and ∇+ε = −16Φ · ε . (58)
The integrability of these equations implies that Φ is a parallel form
(ompare with [12℄). In other words, the metri (55) on X9 should
admit a parallel 3-form.
Let us now show that the third equation in (58) is atually just
∂+ε = −16Φ · ε , (59)
whih basially xes the dependene of ε on x+. To prove this, all
we need to show is that ωaˆbˆ+ Γaˆbˆε = 0. This follows from the ondition
that Γ
−ˆ
ε = 0 and the fat that the variation of the metri is onformal
anti-self dual.
To see this let us write down the spin onnetion for the Bryant
metri (27). Consider the following pseudo-orthonormal oframe:
θ
+ˆ = dx+ θ−ˆ = dx− + 1
2
adx+ θ9ˆ = dx9 θiˆ ,
where θ
iˆ
is an x+-dependent orthonormal oframe for the metri gij .
The onnetion one-form is given by the rst struture equation (23).
Beause θ
iˆ
depend on x+ we need to introdue a matrix Viˆjˆ to represent
the variation of the oframe with respet to x+. Aording to [6℄ for a
onformal anti-self dual variation, the matrix Viˆjˆ is symmetri: Viˆjˆ =
Vjˆiˆ. In this ase, the nonzero omponents of the onnetion one-form
are given by
ωiˆ
−ˆ = 1
2
∂iˆa θ
+ˆ − Viˆjˆ θjˆ
ω9ˆ
−ˆ = 1
2
∂9ˆa θ
+ˆ ,
together with the x+-dependent onnetion one-form ωiˆ
jˆ
of the metri
gij. The nonzero omponents of ω+
aˆbˆ
are therefore ω+
iˆ−ˆ
and ω+
9ˆ−ˆ
.
Sine the spinor ε obeys Γ
−ˆ
ε = 0, it follows that ω+
aˆbˆΓaˆbˆε = 0, whene
∇+ε = ∂+ε, as laimed.
If the variation does not obey (28), so that the matrix V has an skew-
symmetri part, then the iˆjˆ omponents of the onnetion one-form
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would be modied by the addition of V[ˆijˆ] θ
+ˆ
. Therefore there would
be another nonzero omponent ω+
iˆjˆ
, whih would spoil the argument.
In summary, ε is an x+-dependent doublet of parallel spinors on X9
satisfying equation (59), and the ondition Γ
−ˆ
ε = 0 hooses one of
the spinors in the doublet. The number of supersymmetries whih this
bakground preserves is then equal to the number of parallel spinors in
X9. In other words, the same fration ν of supersymmetry is preserved
as in the ase of vanishing F .
Finally, the Einstein equations of motion read
R++ =
1
6
ΦµνρΦ
µνρ . (60)
Beause Φ is parallel in X9, the right-hand side of this equation is
atually only a funtion of x+. This equation an be used to onstrain
the funtion a.
In summary, the Bryant metri (27) with F given by (54), with Φ
an x+-dependent parallel 3-form relative to the x+-dependent metri
(55), is a supersymmetri bosoni vauum of eleven-dimensional su-
pergravity provided that the arbitrary funtion in the Einstein metri
a is suh that equation (60) is satised. This bakground preserves
the same amount of supersymmetry as the purely gravitational bak-
ground. Notie that the existene of a parallel 3-form rules out only
one of the possible holonomy groups of the metri: the maximal one G
in (13), sine there are no parallel 3-forms on a nine-dimensional man-
ifold X9 with holonomy exatly Spin(7). For any of the other groups
in Table 2 there is always a parallel 3-form and hene supersymmet-
ri bosoni vaua with F 6= 0 exist and preserve the fration ν of the
supersymmetry listed in that table.
6.2. Adding a gravitino. It is also possible to give a vauum expe-
tation value to the gravitino. In fat, as was done in [11℄ for the metri
(29), one an try the Ansatz [21℄
ψ+ = χ and ψa = 0 for a 6= +. (61)
In this Ansatz both the gravitino torsion and the gravitino energy-
momentum tensor vanish. It also leads to trivial superovariantisation
of the spin onnetion and the four-form F . Therefore the equations
of motion of F and of the metri are not altered, and neither is the
supersymmetry variation of the gravitino. However we now have that
the bosoni elds do transform under supersymmetry and that the
gravitino is subjet to the RaritaShwinger equation. Requiring su-
persymmetry demands that χ be a parallel spinor in X9, whereas the
RaritaShwinger equation xes the dependene of this spinor on x+.
7. Conlusions and open problems
In this paper we have initiated a systemati analysis of possible su-
persymmetri bosoni M-theory vaua with zero four-form. As we have
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seen there are two main types of vaua: stati vaua whih generalise
the KaluzaKlein monopole and non-stati vaua generalising the M-
wave. We have also seen how to obtain from these vaua other super-
symmetri vaua with non-vanishing four-form.
A onvenient invariant, whih renes the more standard supersym-
metry fration, is the holonomy group of the metri dening the va-
uum. The holonomy groups of the stati vaua are the well-known rie-
mannian holonomy groups admitting parallel spinors: they are given
in Table 1. In ontrast, the holonomy groups for the supersymmetri
M-waves are lorentzian holonomy groups whih have not been studied
muh. The indeomposable groups are listed in Table 2. The rest of
the paper has been mostly devoted to the onstrution of supersym-
metri M-waves with the holonomy groups in Table 2. The onstru-
tion onsists of warped produts of lower dimensional supersymmetri
(Brinkmann) pp-waves with riemannian manifolds admitting parallel
spinors. In partiular, all groups in the table an be obtained as ho-
lonomy groups of warped produts of three-dimensional waves with
eight-dimensional manifolds with holonomy ontained in Spin(7). The
frations of supersymmetry preserved by these vaua (both stati and
non-stati) belong to the set {1, 1
2
, 1
4
, 3
16
, 1
8
, 3
32
, 1
16
, 1
32
}. It is thus a nat-
ural question to ask whether some of these vaua are atually dual
to vaua onsisting of interseting branes, where some of these same
frations our.
Many of the metris desribed here have spaelike isometries, along
whih the metri an be redued dimensionally to a supersymmetri
wave of type IIA string theory, of the type that has been muh studied
in the literature (see, for example, [3, 10, 9℄). Many of these supersym-
metri waves belong to a duality multiplet, whih may ontain other
type IIA vaua whih an be oxidised bak to eleven dimensions. In
this way we an onstrut dual vaua to the M-waves desribed in this
paper. We believe that it is an interesting problem to investigate these
dual vaua. Similarly, every supersymmetri M-wave possesses a null
isometry. It would be very interesting to perform a null redution [13℄
of these vaua and then try to dualise and oxidise bak to eleven di-
mensions.
Finally, all the metris we have disussed in this paper are loal.
We have not analysed the global (spatial or ausal) struture of the
spaetimes admitting these metris. This is an interesting area for
further researh.
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Appendix A. Some exoti lorentzian holonomy groups
In this appendix we ollet some fats about the group G in equa-
tion (13) and some of its subgroups. More preisely we desribe the
Lie algebras and how they are embedded in the lorentzian spin alge-
bra. As usual when disussing the representations of a spin algebra
it is onvenient to work with the Cliord algebra into whih the spin
algebra is embedded. The eleven-dimensional spin algebra so(10, 1) is
naturally embedded inside the Cliord algebras Cℓ(10, 1) and Cℓ(1, 10).
We hoose to work with the latter algebra. Our Cliord algebra on-
ventions are as in [15℄. In partiular, the dening relations for Cℓ(1, 10)
are
{ΓA,ΓB} = 2ηAB1 ,
where ηAB is mostly plus. Sine we want to be as expliit as possible,
our rst task is to nd an expliit realisation of Cℓ(1, 10).
A.1. An expliit real realisation of Cℓ(1, 10). As a real assoiative
algebra, Cℓ(1, 10) is isomorphi to two opies of the algebra of real
32× 32 matries:
Cℓ(1, 10) ∼= Mat(32,R)⊕Mat(32,R) .
This means that there are preisely two inequivalent irreduible repre-
sentations: both real and of dimension 32. Of ourse both represen-
tations are equivalent under the spin algebra so(10, 1), and isomor-
phi to the spinor representation ∆. Choosing a set of generators
Γ0,Γ1, . . . ,Γ9,Γ♮ for Cℓ(1, 10), their produt Γ012···9♮ ommutes with
all ΓA and squares to one. Hene by Shur's lemma it is ±1 on an
irreduible representation. We will identify ∆ with the irreduible rep-
resentation of the Cliord algebra for whih Γ012···9♮ takes the value −1.
This means that Γ0 = Γ1···9♮, where Γ1, . . . ,Γ9,Γ♮ generate the ten-
dimensional Cliord algebra Cℓ(0, 10). The Cliord algebra Cℓ(0, 10)
is isomorphi to Cℓ(8)⊗Cℓ(0, 2), where the isomorphism is given expli-
itly as follows in terms of generators. Let Γ′i for i = 1, 2, . . . , 8 denote
the generators for Cℓ(8) and let Γ′′1 and Γ
′′
2 denote the generators for
Cℓ(0, 2).
The Γ′i an be onstruted expliitly in terms of the otonions O. The
onstrution of the two irreduible representations of Cℓ(7) in terms of
otonions is well known: see, for example, [15℄. Let {oi}, i = 1, . . . , 7,
be a set of imaginary otonion units. Then left multipliation Li and
right multipliationRi by oi on O dene the two inequivalent irreduible
representations of the Cliord algebra Cℓ(7). Either representation
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an be used in order to build the unique irreduible representation of
Cℓ(8)we hoose Li. Thus we dene
Γ′i =
(
0 Li
Li 0
)
for i = 1, . . . , 7; and Γ′8 =
(
0 −1
1 0
)
,
yielding a manifestly real 16-dimensional representation of Cℓ(8) ∼=
Mat(16,R).
As assoiative algebras, Cℓ(0, 2) ∼= Mat(2,R), so we an hoose a
basis
Γ′′1 = σ1 =
(
0 1
1 0
)
Γ′′2 = σ3 =
(
1 0
0 −1
)
∴ Γ′′3 = Γ
′′
1Γ
′′
2 = −iσ2 =
(
0 −1
1 0
)
.
Then the generators of Cℓ(0, 10) are given by
Γ0 = Γ
′
9 ⊗ Γ′′3 Γi = Γ′i ⊗ Γ′′3 for i = 1, 2, . . . , 8
Γ9 = 1⊗ Γ′′2 Γ♮ = 1⊗ Γ′′1 ,
where Γ′9 ≡ Γ′1Γ′2 · · ·Γ′8. This deomposition indues an isomorphism
∆ ∼= R16 ⊗ R2, so that we an write the eleven-dimensional spinors as
two-omponent objets, eah omponent being a sixteen-dimensional
real spinor of Cℓ(8). Therefore in terms of Cℓ(8) generators we have
Γ0 =
(
0 −Γ′9
Γ′9 0
)
Γi =
(
0 −Γ′i
Γ′i 0
)
for i = 1, 2, . . . , 8
Γ9 =
(
1 0
0 −1
)
Γ♮ =
(
0 1
1 0
)
. (62)
The standard basis for the Lie algebra so(10, 1) ⊂ Cℓ(1, 10) is given
by ΣAB = −12ΓAB, whih in the hosen realisation beomes
Σij =
(
Σ′ij 0
0 Σ′ij
)
Σi♮ =
(
1
2
Γ′i 0
0 −1
2
Γ′i
)
Σi9 =
(
0 −1
2
Γ′i
−1
2
Γ′i 0
)
Σ0i =
(
1
2
Γ′9Γ
′
i 0
0 1
2
Γ′9Γ
′
i
)
Σ0♮ =
(
1
2
Γ′9 0
0 −1
2
Γ′9
)
Σ09 =
(
0 −1
2
Γ′9
−1
2
Γ′9 0
)
Σ9♮ =
(
0 −1
2
1
1
2
1 0
)
,
where Σ′ij are the generators of so(8) ⊂ Cℓ(8). In partiular, notie
that as mentioned above, the representation ∆ breaks up under Spin(8)
as two opies eah of the spinor representations. In more traditional
notation, under the embedding Spin(10, 1) ⊃ Spin(8), we have
32 = 2 8
s
⊕ 2 8
c
. (63)
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A.2. The spinor isotropy group G. In this setion we desribe the
non-redutive Lie subgroup G ⊂ Spin(10, 1) in equation (13) whih
leaves a spinor invariant. We will exhibit its Lie algebra (and hene
the Lie group itself) inside the Cliord algebra Cℓ(1, 10) onstruted
above.
Consider a spinor ε of the form
ε =
(
ψ+
0
)
, (64)
where ψ+ is a positive hirality spinor of Cℓ(8); that is, Γ
′
9ψ+ = ψ+.
The vetor vA = ε¯ΓAε obeys vi = v9 = v+ = 0 and v− = −2‖ψ+‖2,
where ‖ψ+‖2 = ψ¯+ψ+. Therefore the vetor v and hene the spinor ε
are null and by the disussion in Setion 2.2 the spinor isotropy should
be the group G in equation (13). Let us prove this. It is easy to
ompute the isotropy subalgebra g ⊂ so(10, 1) of ε from the expliit
form of the generators of so(10, 1) given above. After a little bit of
algebra we obtain that the most general element of g is given by
1
2
aijΣij + bµΣ−µ , (65)
where Γ− = Γ0 − Γ♮, bµ (µ = 1, . . . , 9) are arbitrary and aij (i, j =
1, . . . , 8) are suh that the so(8) element 1
2
aijΣ
′
ij atually belongs to
the isotropy subalgebra of ψ+. Beause Spin(8) ats transitively on the
unit sphere in both its spinor (as well as the vetor) representations, the
isotropy subalgebras of every spinor are onjugate, hene isomorphi.
This implies that the isotropy subgroup of ψ+ is a Spin(7) subgroup:
one whih deomposes the positive hirality spinor representation of
Spin(8) but keeps the vetor and the negative hirality representations
irreduible. We all this subgroup Spin+(7) to distinguish it from the
other two (onjugay lasses of) Spin(7) subgroups of Spin(8): Spin(7),
whih leaves the spinor representations irreduible but splits the vetor
representation, and Spin−(7) whih splits the negative hirality spinor
representation but leaves the positive hirality and the vetor repre-
sentations irreduible. This means that
1
2
aijΣij belong to the so
+(7)
subalgebra of so(8). Computing the Lie braket of elements of the
form (65), and using that Γ− squares to zero, we obtain the following
struture
g ∼= (so+(7)⋉ R8)× R ,
where R
8
is abelian and so+(7) ats on it as a spinor. Notie that R is
in the entre, and that R
8
is an abelian ideal, whene this Lie algebra
is not redutive. Exponentiating inside Cℓ(1, 10) we obtain the simply-
onneted 30-dimensional non-redutive Lie subgroup G ⊂ Spin(10, 1)
given in equation (13):
G ∼= (Spin+(7)⋉ R8)× R . (66)
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A.3. The group G as Lorentz transformations. To gain some in-
tuition about the group G, we now investigate the ation of G on
Minkowski spaetime M
11
. We will see that it is generated by rotations
and null rotations and that it ats reduibly yet indeomposably. It is
onvenient to parametrise G, whih as a manifold is dieomorphi to
Spin(7)× R9, as follows:
Cℓ(1, 10) ⊃ G ∋ g = exp (cµΣ−µ) σ , (67)
where σ ∈ Spin+(7) and µ runs from 1 to 9. Notie that the exponential
only onsists of two terms beause Γ2
−
= 0:
exp (cµΣ−µ) = 1 + cµΣ−µ = 1 +
1
2
cµΓµΓ− .
The omposition of group elements follows the standard semidiret
produt struture:
exp (cµΣ−µ) σ exp (dµΣ−µ) τ = exp ((cµ + σ · dµ)Σ−µ) στ ,
where σ, τ ∈ Spin+(7) and cµ, dµ ∈ R9.
Let g ∈ G be as above. Its ation on the basis {eA} is given by
g · ei = σ · ei − σ−1 · ci e−
g · e9 = e9 − c9e−
g · e♮ = e♮ − cµeµ + 12c2e−
g · e0 = e0 − cµeµ + 12c2e− ,
where c2 = cµcµ. Notie that for nonzero cµ exatly one null diretion
(e−) is left invariant, so that the transformation is a null rotation. From
these formulae above one an determine the spae of G-invariant forms.
The results are summarised in Table 6, where {e∗A} is a anonial dual
basis to {eA}, Ω is the Cayley form (the self-dual Spin+(7)-invariant
4-form), vol8 = e
∗
1 ∧ · · · ∧ e∗8 and vol11 = e∗0 ∧ e∗1 ∧ · · · ∧ e∗9 ∧ e∗♮ are the
eight- and eleven-dimensional volume forms, respetively.
Deomposing the spinor representation ∆ under Spin+(7), there are
preisely two linearly independent Spin+(7)-invariant spinors. The null
rotations in R
9
preserve only one of them. Therefore G leaves invariant
exatly one spinor (up to sale)the spinor ε in (64), where ψ+ is the
Spin+(7)-invariant spinor in that representation.
A.4. Some relevant subgroups of G. Bryant [6℄ has shown that
the Lie group G in equation (66) is a possible holonomy group for
indeomposable eleven-dimensional lorentzian manifolds. There are
other subgroups of G whih are also possible holonomy groups and
whih still at indeomposably on M
11
. These subgroups H ⊂ G are of
the form (
K ⋉ Rd
)× R9−d , (68)
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Degree Invariant forms
0 1
1 e∗
−
2 e∗
−
∧ e∗9
5 e∗
−
∧ Ω
6 e∗
−
∧ e∗9 ∧ Ω
9 e∗
−
∧ vol8
10 e∗
−
∧ e∗9 ∧ vol8
11 vol11
Table 6. G-invariant forms.
where K ⊂ Spin+(7) ∩ Spin(d) is a possible holonomy group of a d-
dimensional riemannian manifold. Suh subgroups an be read o from
Table 1, for d ≤ 8.
The Lie algebra h of H , given by(
k⋉ Rd
)× R9−d ,
is embedded in so(10, 1) aording to equation (65) but where now
1
2
aijΣij ∈ k ⊂ so+(7) ∩ so(d).
We hoose to parametrise group elements h ∈ H as in equation (67)
h = exp (cµΣ−µ) σ ,
but where now σ ∈ K. The ation of h ∈ H on M11 is given by
h · ei = σ · ei − σ−1 · ci e−
h · em = em − cme−
h · e♮ = e♮ − cµeµ + 12c2e−
h · e0 = e0 − cµeµ + 12c2e− ,
where i = 1, . . . , d and m = d+1, . . . , 9.
We an ompute the spae of K-invariant forms as before. We will
not be so expliit as to atually list the forms, but simply notie that
the spae of H-invariant forms on M11 is given in terms of the spae of
K-invariant forms on Rd by:(∧
M
11 ∗
)H ∼= R1⊕ Rvol11 ⊕ e∗− ∧
(∧
V⊗
(∧
R
d ∗
)K)
, (69)
where V is the subspae of (M11)
∗
spanned by the e∗m form = d+1, . . . , 9.
For example, for d = 7 and K = G2, the G2-invariant forms are 1, φ,
⋆φ and vol7, where φ is the assoiative 3-form and ⋆φ is its seven-
dimensional dual: the o-assoiative 4-form. The H-invariant forms
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are given in Table 7 below. One an write down similar tables for the
other subgroups H , but we will not do so here.
Degree Invariant forms
0 1
1 e∗
−
2 e∗
−
∧ e∗m
3 e∗
−
∧ e∗8 ∧ e∗9
4 e∗
−
∧ φ
5 e∗
−
∧ φ ∧ e∗m , e∗− ∧ ⋆φ
6 e∗
−
∧ φ ∧ e∗8 ∧ e∗9 , e∗− ∧ ⋆φ ∧ e∗m
7 e∗
−
∧ ⋆φ ∧ e∗8 ∧ e∗9
8 e∗
−
∧ vol7
9 e∗
−
∧ vol7 ∧ e∗m
10 e∗
−
∧ vol7 ∧ e∗8 ∧ e∗9
11 vol11
Table 7. Forms on M
11
invariant under H =
(G2 ⋉ R
7)× R2. Here m takes the values 8 and 9.
The ation on the eleven-dimensional spinor representation ∆ an be
worked out from the expliit expression (65) as before. Deomposing
∆ under the group K we nd 2NK parallel spinors, where NK = 1 for
K = Spin+(7), NK = 2 for K = SU(4) and G2, NK = 3 for K = Sp(2),
NK = 4 for K = Sp(1)× Sp(1) and SU(3), NK = 8 for K = Sp(1) and
NK = 16 for K = {1}. The null rotations in H preserve preisely one
half of these spinors, whene H leaves invariant preisely NK spinors.
This gives rise to the supersymmetry frations ν ≡ 1
32
NK in Table 2.
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